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By balancing both accuracy and efficiency, density func-
tional theory (DFT) [1, 2] and its time-dependent exten-
sion (TDDFT) [3, 4] have become arguably the most em-
ployed methods in computational physics and chemistry.
DFT and TDDFT are based on rigorous theorems, which
reformulate many-electron quantum mechanics using the
simple one-electron density as the basic variable of inter-
est rather than the complicated many-electron wavefunc-
tion. In this letter we prove that the theorems of TDDFT
can be applied to a class of qubit Hamiltonians that are
universal for quantum computation. In a similar spirit to
DFT and TDDFT for electronic Hamiltonians, the theo-
rems of TDDFT applied to universal Hamiltonians allow
us to think of single-qubit expectation values as the basic
variables in quantum computation and information the-
ory, rather than the wavefunction. From a practical stand-
point this also opens the possibility of approximating ob-
servables of interest in quantum computations directly in
terms of single-qubit quantities (i.e. as density function-
als). Additionally, we demonstrate that TDDFT provides
an exact prescription for simulating universal Hamiltoni-
ans with other universal Hamiltonians that have different,
and possibly easier-to-realize two-qubit interactions.
We begin by briefly reviewing TDDFT for a system of N-
electrons described by the Hamiltonian
Hˆ(t) =
N
∑
i=1
pˆ2i
2m
+
N
∑
i< j
w(|rˆi− rˆ j|)+
∫
v(r, t)nˆ(r)d3r, (1)
where pˆi and rˆi are respectively the position and momen-
tum operators of the ith electron, w(|rˆi− rˆ j|) is the electron-
electron repulsion and v(r, t) is a time-dependent one-body
scalar potential which includes the potential due to nuclear
charges as well as any external fields. nˆ(r) = ∑Ni δ (r− rˆi) is
the electron density operator, whose expectation value yields
the one-electron probability density. The first basic theorem of
TDDFT, known as the "Runge-Gross (RG) theorem" [4], es-
tablishes a one-to-one mapping between the expectation value
of nˆ(r) and the scalar potential v(r, t) and therefore through
the time-dependent Schrödinger equation, a one-to-one map-
ping between the density and the wavefunction. The RG the-
orem implies the remarkable fact that in principle, the one-
electron density contains the same information as the many-
electron wavefunction. The second basic TDDFT theorem
known as the "van Leeuwen (VL) theorem" [5] gives a pre-
scription for constructing an auxiliary system with a different
and possibly simpler electron-electron repulsion w′(|rˆi− rˆ j|),
which simulates the density evolution of the original Hamil-
tonian in Eq. 1. When w′(|rˆi− rˆ j|) = 0, this auxiliary system
is referred to as the "Kohn-Sham system" [2] and due to it’s
simplicity and accuracy, is in practice used in most DFT and
TDDFT calculations .
It is not obvious that the RG and VL theorems extend to
qubits, which are distinguishable spin 1/2 particles. We now
prove analogous RG and VL theorems for a system of N
qubits described by the universal 2-local Hamiltonian [6, 7],
Hˆ(t)=
N−1
∑
i=1
J⊥i,i+1(σˆ
x
i σˆ
x
i+1+σˆ
y
i σˆ
y
i+1)+
N−1
∑
i=1
J‖i,i+1σˆ
z
i σˆ
z
i+1+
N
∑
i=1
hi(t)σˆ zi .
(2)
Here, σˆ xi , σˆ
y
i , σˆ
z
i are Pauli operators for the ith qubit, hi(t)
are local applied fields arbitrarily chosen along the z-axis and
J‖i,i+1 and J
⊥
i,i+1 are two-qubit interaction terms respectively
parallel and perpendicular to the direction of the fields. The
above Hamiltonian describes an open chain of N qubits ar-
ranged in a one-dimensional array, with each qubit interact-
ing with its nearest neighbors. In Refs. [6, 7], it was shown
that by appropriately tuning the local fields in Eq. 2, one can
realize any two qubit gate, which in turn can be employed
to perform universal quantum computation when combined
with singe-qubit rotations. Although Eq. 2 describes quan-
tum computing with a fixed two-qubit interaction, by applying
appropriate local fields we can generate effective Hamiltoni-
ans describing systems with tunable two-qubit interactions as
well. This can be viewed as a time-dependent version of the
widely employed method of Gadgets [12]. In Eq. 2, the case
where J⊥i,i+1 = J
‖
i,i+1 yields the Heisenberg Hamiltonian which
describes exchange coupled spins in solid state arrays or quan-
tum dots in heterostructures [8]. The situation J⊥i,i+1 6= J‖i,i+1
yields the XXZ Hamiltonian, used to model electronic qubits
on liquid Helium [9] or solid-state systems with anisotropy
due to spin-orbit coupling [10], while the limit J‖i,i+1 = 0
yields the XY model describing superconducting Josephson
junction qubits [11].
We now state the equivalent RG theorem for quantum com-
putation with the Hamiltonian in Eq. 2:
Theorem - For a given initial state |ψ(0)〉 evolving to |ψ(t)〉
under the Hamiltonian in Eq. 2 and with J‖i,i+1 and J
⊥
i,i+1
fixed, there exists a one-to-one mapping between the set of
expectation values {σ z1,σ z2, ...σ zN} and the set of local fields{h1,h2, ...hN} over a given interval [0 ,t].
Here, we have defined σ zi ≡ 〈ψ(t)|σˆ zi |ψ(t)〉 as the expectation
value of the component of the ith qubit along the field direc-
tion (z-axis). A detailed proof together with a more rigorous
discussion of the conditions on the theorem are provided in
the supplementary material. The RG theorem implies that the
set of local fields can be written as unique functionals of the
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Figure 1: Runge-Gross theorem for a 3 qubit example - The set of
expectation values {σ z1,σ z2, ...σ zN}, defined by the the Bloch vector
components of each qubit along the z-axis in (a), is uniquely mapped
onto the set of local fields {h1,h2, ...hN} in (b) through the RG the-
orem. Then, through the Schrödinger equation, the set of fields is
uniquely mapped onto the wavefunction. These two mappings to-
gether imply that the N-qubit wavefunction in (c) is in fact a unique
functional of the set of expectation values {σ z1,σ z2, ...σ zN}.
set of expectation values {σ z1,σ z2, ...σ zN}, as illustrated in the
first part of Figure 1. Since the solution to the time-dependent
Schrödinger equation is unique and J⊥i,i+1 and J
‖
i,i+1 are fixed,
the wavefunction is a unique functional of the local fields. i.e.
|ψ(t)〉 ≡ |ψ[h1,h2, ...hN ](t)〉, where the square brackets de-
note that ψ is a functional of the set {h1,h2, ...hN} over the
interval [0,t]. This fact, combined with the RG theorem al-
lows us to state a corollary, which is the first central result of
this letter:
Corollary - There exists a one-to-one mapping between the set
of expectation values {σ z1,σ z2, ...σ zN} and the N-qubit wave-
function |ψ(t)〉 on the interval [0 ,t].
The above corollary implies the counterintuitive fact that the
full N-qubit wavefunction, which lives in a 2N dimensional
Hilbert space, is a unique functional of only the N compo-
nents of each qubit along the z-axis. i.e.
|ψ(t)〉 ≡ |ψ[σ z1,σ z2, ...σ zN ](t)〉. (3)
Although the RG theorem does not tell us an explicit func-
tional form for ψ , it has profound conceptual implications
from a quantum information perspective. At first glance, it
might appear that the set {σ z1,σ z2, ...σ zN} contains much less
information than the full wavefunction, since projective mea-
surements needed to obtain {σ z1,σ z2, ...σ zN} would typically
imply that information about non-commuting obesrvables is
lost. However, since the wavefunction completely specifies
all properties of the system, Eq. 3 implies that even properties
depending on non-commuting observables such as entangle-
ment and phase information are in fact unique functionals of
the set of expectation values {σ z1,σ z2, ...σ zN}.
From a practical standpoint, the RG theorem implies that
all observables can directly be approximated as function-
als of single-qubit expectation values, without regard for
the wavefunction. Although the set of expectation values
{σ z1,σ z2, ...σ zN} in principle contains all of the quantum infor-
mation in ψ , extracting this information directly is not always
straightforward, although in some cases it is. As an example,
consider a computation involving only one flipped qubit rela-
tive to the other N− 1 qubits having an opposite orientation.
An explicit entanglement functional (as measured by concur-
rence [13]) between any two qubits labeled k and l can be
written very simply as
Ekl [σ z1,σ
z
2, ...σ
z
N ](t) =
1
N−2 ∏m=k,l
[
(N−3)σ zm+
N
∑
i6=m
σ zi
] 1
2
.
(4)
Interestingly, this particular entanglement functional is time-
local, since it depends only on the set {σ z1,σ z2, ...σ zN} at a given
instant in time and so we may write Ekl [σ z1,σ
z
2, ...σ
z
N ](t) =
Ekl [σ z1(t),σ
z
2(t), ...σ
z
N(t)]. In the more general case, ob-
servables may be non-local in time and depend on the set
{σ z1,σ z2, ...σ zN} over an entire interval [0,t]. Although the func-
tional in Eq. 4 is time-local, it is spatially non-local, since the
entanglement between qubits k and l depends on the compo-
nents of all of the other N − 2 qubits. If one considers two
flipped qubits instead of one, the entanglement functional be-
comes complicated and non-local in both space and time due
to dependence on phases in the wavefunction (see supplemen-
tal material). Understanding the spatial and temporal non-
locality of density functionals in electronic structure theory
is a very active research topic [14, 15], and naturally arises
here in TDDFT for quantum computation as well.
We now turn to the second fundamental theorem of TDDFT
for universal computation, a VL-like theorem for qubits:
Theorem - Consider a given set of spin components
{σ z1,σ z2, ...σ zN} obtained from the wavefunction |ψ(t)〉 evolved
under the Hamiltonian in Eq. 2. There exists (see supplemen-
tary material for certain conditions) a Hamiltonian with dif-
ferent two-qubit interactions denoted J′⊥i,i+1 and J
′‖
i,i+1 and dif-
ferent local fields {h′1,h′2, ...h′N}, which evolves a possibly dif-
ferent initial state |ψ ′(0)〉 to a different final state |ψ ′(t)〉 such
that the condition {σ ′z1 ,σ ′z2 , ...σ ′zN } = {σ z1,σ z2, ...σ zN} is satis-
fied on the interval [0,t].
Here, we have defined σ ′zi ≡ 〈ψ ′(t)|σˆ zi |ψ ′(t)〉. The VL theo-
rem allows us to obtain the set {σ z1,σ z2, ...σ zN} by simulating
the evolution with an auxiliary Hamiltonian having different
two-qubit interactions and hence a different (and possibly sim-
pler) wavefunction evolution as illustrated in Figure 2. This
opens the possibility of simplifying computations by con-
structing simple approximations to the auxiliary fields as func-
tionals of single-qubit expectation values, in the same sense
that the exchange-correlation potential of electronic DFT and
TDDFT is approximated as a functional of the one-body den-
sity in the Kohn-Sham scheme.
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Figure 2: Van Leeuwen theorem for a 3 qubit example - The set
{σ z1,σ z2, ...σ zN} (a) obtained from evolution under Eq. 2, is uniquely
mapped to a new set of fields {h′1,h′2, ...h′N} (b) for a Hamilto-
nian with different two-qubit interactions. Evolution under this new
Hamiltonian returns the same expectation values {σ z1,σ z2, ...σ zN}, al-
though the wavefunction is different and hence projections of the
Bloch vectors along other axes are in general different (c).
The proof of the VL theorem also gives a mathemati-
cal procedure (see supplementary material) for engineering
the exact auxiliary fields {h′1,h′2, ...h′N} which reproduce a
given set {σ z1,σ z2, ...σ zN} under a different two-qubit interac-
tion. As a simple demonstration, we use this procedure to
numerically simulate a 3-qubit Heisenberg Hamiltonian us-
ing an XY Hamiltonian as the auxiliary system (Figure 3).
For the simulation, the system is prepared in the initial state
|ψ(0)〉 = 1√
3
(|011〉+ |101〉+ |110〉), where |1〉 and |0〉 are
eigenstates of σˆ z with eigenvalues -1 and 1 respectively. In
the Heisenberg Hamiltonian, J⊥i,i+1 = J
‖
i,i+1 ≡ Ji,i+1 and we
choose J12 = J23 = 0.5. We apply a pulse of the form
h1(t) = 0.6∑4n=1(−1)n+1sin [(2n−1)t] to the first qubit and
h3(t) = 0.6∑4n=1(−1)2nsin [2nt] to the third qubit. The time-
dependent Schrödinger equation is solved numerically and the
set {σ z1,σ z2,σ z3} is read out during the evolution. Details of
the simulation are provided in the supplementary material.
For the auxiliary XY Hamiltonian, J′‖i,i+1 = 0 and we choose
different and non-uniform couplings in which J′⊥12 = 1.2 and
J′⊥23 = −1. Using the VL theorem, we engineer the auxil-
iary local fields {h′1,h′2,h′3} which using a non-uniform XY
interaction, reproduce the set {σ z1,σ z2,σ z3} obtained from the
original evolution under the uniform Hesienberg Hamiltonian.
As seen in Figure 3, the auxiliary local fields are quite differ-
ent from the original local fields applied to the Heisenberg
model, but simulate the set of components {σ z1,σ z2,σ z3} cor-
rectly. i.e. {σ ′z1 ,σ ′z2 ,σ ′z3 } = {σ z1,σ z2,σ z3}. In the language of
electronic DFT, the XY model in our simulation is analogous
to the "Kohn-Sham system" and the set {h′1,h′2,h′3} play the
role of the exact Kohn-Sham potential as a density functional.
The VL theorem could also be useful from an experimental
perspective, as it allows one to engineer different pulses which
perform the same computations, but using different two-qubit
couplings.
The RG and VL theorems place TDDFT for universal quan-
tum computation on a firm theoretical footing and open sev-
eral exciting research avenues. The development of approxi-
mate density functionals has been essential for the success of
electronic DFT and TDDFT and will be in quantum compu-
tation and information theory as well. Functionals that per-
form actual computational tasks or subroutines such as the
quantum Fourier transform are immediate research directions.
The collapse of the computational complexity class hierarchy
is of course not expected, and therefore finding functionals
that carry out complex quantum computational tasks is ex-
tremely unlikely. Nevertheless, understanding how TDDFT
functionals can approximate quantum algorithms is an open
direction. Density functionals for strongly correlated lattice
and spin systems have been recently proposed [16–19] and
could be applied to several problems of relevance in quantum
computing. In Refs. [16–19] local density (LDA) and gener-
alized gradient approximations (GGA) for one dimensional
Hubbard chains and spin chains were derived from exact
Bethe ansatz solutions and could readily be applied to solid-
state quantum computing or perfect state transfer protocols
in spin networks [20]. Functionals can also be parametrized
from numerical simulations of one-dimensional qubit systems
using time-dependent density matrix renormalization group
methods (TDMRG) [21], in an analogous fashion as quan-
tum Monte Carlo simulations of the uniform electron gas have
proven invaluable in electronic DFT [22].
Another important research direction will be the general-
ization of DFT and TDDFT to other universal Hamiltonians
and models of quantum computation. For instance, Ref. [23]
discussed the use of TDDFT for obtaining gaps in adiabatic
quantum computation. In Ref. [29], groundstate DFT was
used to study relationships between entanglement and quan-
tum phase transitions, while Ref. [31] explored DFT from a
complexity theory perspective. We are also exploring an ex-
tension of the TDDFT theorems to models with directly tun-
able two-qubit interactions, as opposed to the fixed interac-
tions discussed in this letter.
Useful discussions with S. Mostame, J. D. Whitfield, S.
Boxio, M. H. Yung and J. Parkhill are greatfully acknowl-
edged. We thank NSF award PHY-0835713 for financial sup-
port.
Supplemental Material
A. Proof of the Runge-Gross theorem
In this section we will first consider a proof of the RG the-
orem for Hamiltonians of the form,
Hˆ(t) =
N
∑
i< j
J⊥i j (σˆ
x
i σˆ
x
j + σˆ
y
i σˆ
y
j )+
N
∑
i< j
J‖i jσˆ
z
i σˆ
z
j +
N
∑
i=1
hi(t)σˆ zi , (5)
4Heisenberg interaction XY interaction
a) c)
b) d)
Figure 3: Simulating the Heisenberg Hamiltonain with the XY Hamiltonian - Pulses of the form h1(t) = 0.6∑4n=1(−1)n+1sin [(2n−1)t]
and h3(t) = 0.6∑4n=1(−1)2nsin [2nt] are respectively applied to the first and third qubits of a uniform Heisenberg Hamiltonian (a). The time-
dependent Schrödinger equation is then solved exactly numerically and the evolution of the set {σ z1,σ z2,σ z3} is read out in (b). The VL theorem
gives us a prescription for constructing different auxiliary fields (c), which simulate the evolution of the set {σ z1,σ z2,σ z3} correctly as seen in
(d), but using a non-uniform XY interaction instead. (Time is measured in units of h¯2J )
5which reduces to Eq. 2 of the main text in the limit of a one-
dimensional array with nearest-neighbor couplings and open
boundary conditions. We will see that it is possible to formu-
late the RG theorem of time-dependent current density func-
tional theory (TDCDFT) for the more general class of Hamil-
tonians in Eq. 5, but for TDDFT one must stay with the more
restricted form in Eq. 2.
The proof begins with the equation of motion for the expec-
tation value of the ith qubit along the field direction (z-axis),
∂
∂ t
σ zi = ı〈
[
Hˆ(t), σˆ zi
]〉, (6)
where 〈Oˆ〉 ≡ 〈ψ(t)|Oˆ|ψ(t)〉 denotes the expectation value of
an arbitrary operator Oˆ at time t and |ψ(t)〉 is the wavefunction
evolved on an interval [0,t] from a given initial state |ψ(0)〉,
under the Hamiltonian in Eq. 5. Development of the commu-
tator in Eq. 6 yields,
∂
∂ t
σ zi = 2
N
∑
k 6=i
J⊥ki (〈σˆ xk σˆ yi 〉−〈σˆ yk σˆ xi 〉)
= −1
ı
N
∑
k 6=i
J⊥ki (〈σˆ+k σˆ−i 〉−〈σˆ−k σˆ+i 〉), (7)
where we have introduced the Pauli raising and lowering op-
erators σˆ± = σˆ x± ıσˆ y in the second equality. Defining
jˆki ≡−2J⊥ki (σˆ xk σˆ yi − σˆ yk σˆ xi ) =
1
ı
J⊥ki (σˆ
+
k σˆ
−
i − σˆ−k σˆ+i ) (8)
as the operator that generates the "current" of σ z flowing from
the ith qubit to the kth qubit, Eq. 7 takes the form of a local
conservation law,
∂
∂ t
σ zi =−
N
∑
k 6=i
〈 jˆki〉. (9)
This arises from the fact that the Hamiltonian in Eq. 5 con-
serves the total component of all N-qubits along the field di-
rection. i.e. it is readily verified that,
∂
∂ t
N
∑
i
σ zi =
∂
∂ t
σ ztotal = 0. (10)
This is analogous to the situation in electronic structure the-
ory, where the local continuity equation
∂
∂ t
n(r, t) =−∇ · j(r, t) (11)
implies a global conservation of particle number
∂
∂ t
∫
n(r, t)d3r =
∂
∂ t
N = 0, (12)
where N is the number of electrons in the system.
We now consider a "primed" Hamiltonian
Hˆ ′(t) =
N
∑
i< j
J⊥i j (σˆ
x
i σˆ
x
j + σˆ
y
i σˆ
y
j )+
N
∑
i< j
J‖i jσˆ
z
i σˆ
z
j +
N
∑
i=1
h′i(t)σˆ
z
i ,
(13)
which has the same two-qubit interaction terms as the Hamil-
tonian in Eq. 5, but a different set of local fields {h′1,h′2, ...h′N}.
Let |ψ ′(t)〉 denote the wavefunction evolved from the same
initial state |ψ(0)〉, but under the Hamiltonian in Eq. 13. The
equation of motion for the expectation value of the ith qubit
along the z-axis under this primed Hamiltonian is
∂
∂ t
σ ′zi =−
N
∑
k 6=i
〈 jˆki〉′, (14)
where we define 〈Oˆ〉′ ≡ 〈ψ ′(t)|Oˆ|ψ ′(t)〉 as the expectation
value of an arbitrary operator Oˆ with respect to the primed
wavefunction.
In what follows, we assume that the local fields in both
the primed and unprimed systems are equal to their Tay-
lor expansions within a finite radius of convergence around
t = 0. i.e. hi(t) = ∑∞j=0
[
1
j!
∂ j
∂ t j hi(t)
]
t=0
t j and simi-
larly h′i(t) = ∑
∞
j=0
[
1
j!
∂ j
∂ t j h
′
i(t)
]
t=0
t j (the assumption of Tay-
lor expandability is discussed below). We will now pro-
ceed to show that if the set of fields {h1,h2, ...hN} dif-
fer from the set of fields {h′1,h′2, ...h′N} by more than
a global field which is the same for all N qubits,
the set of currents {〈 jˆ12〉,〈 jˆ13〉, ...〈 jˆ23〉, ...〈 jˆN−1,N〉} and
{〈 jˆ12〉′,〈 jˆ13〉′, ...〈 jˆ23〉′, ...〈 jˆN−1,N〉′}will necessarily be differ-
ent. The condition that the two sets of fields differ by more
than a global field, is equivalent to the statement that there
exists a smallest integer m> 0 such that the set{ ∂m
∂ tm
(h1(t)−h′1(t))|t=0,
∂m
∂ tm
(h2(t)−h′2(t))|t=0,
...
∂m
∂ tm
(hN(t)−h′N(t))|t=0
}
6= {C}, (15)
where here {C} is a constant set of N elements that are all
the same. i.e. the Taylor coefficients of the local fields in the
primed and unprimed systems will differ at some order.
Next, we write down the equation of motion for the dif-
ference of the currents between the ith and kth qubits in the
primed and unprimed systems:
∂
∂ t
(〈 jˆki〉−〈 jˆki〉′) = ı〈
[
Hˆ(t), jˆkl ]
〉− ı〈[Hˆ(t), jˆkl ]〉′ . (16)
Since both systems evolve from a common initial state |ψ(0)〉,
we have at t = 0,
∂
∂ t
(〈 jˆki〉−〈 jˆki〉′)|t=0 = ı〈ψ(0)|
[
(Hˆ(0)− Hˆ ′(0)), jˆki
] |ψ(0)〉
= 4〈ψ(0)|Tˆki|ψ(0)〉(∆hi(0)−∆hk(0)). (17)
Here, we have defined ∆hi(t) = hi(t)−h′i(t) as the difference
between the unprimed and primed fields acting on the ith qubit
and similarly, ∆hk(t) = hk(t)−h′k(t).
Tˆki ≡ J⊥ki (σˆ xk σˆ xi + σˆ yk σˆ yi ) =
J⊥ki
2
(σˆ+k σˆ
−
i + σˆ
−
k σˆ
+
i ) (18)
6is similar to a local kinetic energy operator, describing the
total transfer of σ z between the ith and kth qubits. From
Eq. 17, we see that if the condition in Eq. 15 is satis-
fied for m = 0, the sets {〈 jˆ12〉,〈 jˆ13〉, ...〈 jˆ23〉, ...〈 jˆN−1,N〉} and
{〈 jˆ12〉′,〈 jˆ13〉′, ...〈 jˆ23〉′, ...〈 jˆN−1,N〉′} will become different in-
stantaneously later than t = 0 (with a restriction on the vanish-
ing of 〈ψ(0)|Tˆki|ψ(0)〉 discussed below). If the condition in
Eq. 15 instead holds for some m > 0, we differentiate Eq. 16
m times to obtain,
∂m+1
∂ tm+1
(〈 jˆki〉−〈 jˆki〉′)|t=0
= 4〈ψ(0)|Tˆki|ψ(0)〉 ∂
m
∂ tm
(∆hi(t)−∆hk(t))|t=0. (19)
From here we see that if the set of local fields eventually differ
at any order, the set of currents must as well. This establishes
the RG theorem of TDCDFT: For a fixed initial state |ψ(0)〉,
there is a one to one mapping between the set of local fields
and the set of currents, up to a globally constant field.
We now discuss the three main conditions of the theorem:
1) The expectation values 〈ψ(0)|Tˆki|ψ(0)〉 must be non-zero
for at least one pair of qubits k and i, whose local field dif-
ferences ∆hi(t) and ∆hk(t) are different for at least one instant
on the interval [0,t]. This is a fairly mild restriction on the set
of admissible initial states, |ψ(0)〉. For instance, consider a
worst case scenario, in which all the fields {h1,h2, ...hN} and
{h′1,h′2, ...hN} differ by a constant field, except for h1 and h′1
which differ by a different amount from the others at only one
instant in time on the interval [0,t]. In this worst case, the re-
striction means that 〈ψ(0)|Tˆ1i|ψ(0)〉 must be non-zero for at
least one value of i, where i = 1,2, ...,N. In the more general
case, where the sets {h1,h2, ...hN} and {h′1,h′2, ...hN} differ
for several qubits or on finite time intervals, this restriction is
even less severe.
2) The elements of the sets {h1,h2, ...hN} and {h′1,h′2, ...hN}
must be analytic functions of time. i.e. equal to their Taylor
expansions within a finite radius of convergence. In quantum
computing, this is not a very severe restriction, as one typi-
cally constructs pulses which are well behaved functions. This
restriction does not even exclude sudden switching, which is
the case when applying idealized pulses to perform single-
qubit rotations.
3) The theorem establishes a one to one mapping between the
set of currents and the set of local fields up to a globally con-
stant field, we will denote C(t), which is the same for all N
qubits. If one applies periodic boundary conditions, the extra
symmetry fixes the value of C(t) and the mapping is one to
one between the fields and currents with no ambiguity. For
open boundary conditions, C(t) remains arbitrary, which cor-
responds to an arbitrary term C(t)∑Ni σˆ
z
i ≡ C(t)σˆ ztotal in the
Hamiltonian. If one begins in an initial state which is an
eigenstate of σˆ ztotal , this term is simply a c-number and adds a
trivial global phase to the wavefunction. This is typically the
case when one begins in a computational basis state. How-
ever, if one starts in a superposition of states with different
values of σ ztotal , the term C(t) σˆ
z
total yields a nontrivial coher-
ence between these states. Such coherences would be measur-
able for observables with non-zero matrix elements between
states of different σ ztotal . These observables would therefore
not be uniquely determined by the current when considering
open boundary conditions.
We now turn to the RG theorem of TDDFT,
which is discussed in the main text. From Eq. 9,
we see that it is possible for two different sets
of currents {〈 jˆ12〉,〈 jˆ13〉, ...〈 jˆ23〉, ...〈 jˆN−1,N〉} and
{〈 jˆ12〉′,〈 jˆ13〉′, ...〈 jˆ23〉′, ...〈 jˆN−1,N〉′} to correspond to the
same set of spin components {σ z1,σ z2, ...σ zN}, if there exists a
set of current differences
{δ j12,δ j13, ...δ j23, ...δ jN−1,N}
≡ {(〈 jˆ12〉−〈 jˆ12〉′),(〈 jˆ13〉−〈 jˆ13〉′),
... (〈 jˆ23〉−〈 jˆ23〉′), ...(〈 jˆN−1,N〉−〈 jˆN−1,N〉′)}, (20)
such that,
N
∑
k 6=i
δ jik = 0 (21)
for some i. For a one-dimensional chain with open boundary
conditions and nearest-neighbor couplings as in Eq. 2, such a
set never exists, as illustrated in Figure 4. Thus, for this case,
no two sets of currents can yield the same set {σ z1,σ z2, ...σ zN},
and through the RG theorem of TDCDFT, no two sets of fields
{h1,h2, ...hN} and {h′1,h′2, ...h′N} differing by more than a con-
stant can yield the same set {σ z1,σ z2, ...σ zN}. This establishes
the RG theorem of TDDFT for the Hamiltonian in Eq. 2 of
the text. For more general geometries, such as in Figure 5,
it is possible to find two different sets of currents such that
∑Nk 6=i δ jik = 0. For these geometries, the RG theorem of TD-
CDFT holds, however that of TDDFT does not. From the con-
tinuity equation of electronic structure (Eq. 11), we see that
we can add an arbitrary transverse vector field ~δ j (such that
~∇ · ~δ j = 0) to the electronic current, without altering the value
of ∂∂ t n(r, t). A set {δ j12,δ j13, ...δ j23, ...δ jN−1,N} satisfying
the condition in Eq. 21 is analogous to a purely transverse cur-
rent.
B. Proof of the van Leeuwen theorem
The proof of the VL theorem begins with the equation of
motion for the current under the evolution of the Hamiltonian
in Eq. 5,
∂
∂ t
〈 jˆki〉= ı〈
[
Hˆ(t), jˆki
]〉. (22)
Developing the commutator in Eq. 22 yields,
∂
∂ t
〈 jˆki〉= 〈Tˆki〉+ 〈Fˆki〉+4〈Tˆki〉δhik(t), (23)
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Figure 4: Open Chain of 4 qubits with nearest-neighbor cou-
plings - If we consider the set of currents shown in a), it will never be
possible to find a new set of currents that will yield the same deriva-
tives of σ z. For instance, as shown in b), we can find a new set of
currents that will yield the same derivatives of σ z on the middle two
sites, but the derivatives at the ends of the chain will necessarily be
different.
where δhik(t) = hi(t)−hk(t) is the difference between the lo-
cal fields applied to the ith and kth qubits and we have defined
the operators Tˆki and Fˆki as:
Tˆki ≡ 4J⊥ki
{
σˆ zk
[
∑
m 6=k
J⊥mkσˆ
x
m
]
σˆ xi + σˆ
z
k
[
∑
m 6=k
J⊥mkσˆ
y
m
]
σˆ yi
− σˆ xk
[
∑
m 6=i
J⊥miσˆ
x
m
]
σˆ zi − σˆ yk
[
∑
m 6=i
J⊥miσˆ
y
m
]
σˆ zi
}
, (24)
and
Fˆki ≡ 4J⊥ki
{
σˆ yk
[
∑
m 6=i
J‖miσˆ
z
m
]
σˆ yi − σˆ xk
[
∑
m 6=i
J‖miσˆ
z
m
]
σˆ xi
+ σˆ yk
[
∑
m 6=k
J‖mkσˆ
z
m
]
σˆ yi − σˆ xk
[
∑
m6=k
J‖mkσˆ
z
m
]
σˆ xi
}
. (25)
Tˆki arises from the commutator of the current operator with
the kinetic energy operator∑Ni< j Tˆi j and is similar to the "stress
tensor" operator of electronic TDDFT [5]. Fˆki arises from the
commutator of the current operator with the term∑Ni< j J
‖
i jσˆ
z
i σˆ
z
j
in the Hamiltonian and is analogous to the "internal force den-
sity" operator due to the electron-electron repulsion in elec-
tronic TDDFT. Both the terms 〈Tˆki〉 and 〈Fˆki〉 in Eq. 23 repre-
sent "internal forces" due to the two-qubit terms in the Hamil-
tonian, while the term 4〈Tˆki〉δhik(t) represents an "external"
driving force due to the applied local fields which couple to
the one-qubit operators σˆ zi .
We now consider an auxiliary "primed" system, with the
Hamiltonian,
Hˆ ′(t) =
N
∑
i< j
J′⊥i j (σˆ
x
i σˆ
x
j + σˆ
y
i σˆ
y
j )+
N
∑
i< j
J′‖i j σˆ
z
i σˆ
z
j +
N
∑
i=1
h′i(t)σˆ
z
i ,
(26)
having different two-qubit interactions J′⊥i j and J
′‖
i j and a dif-
ferent set of local fields {h′1,h′2, ...h′N}. We allow the initial
state |ψ ′(0)〉 to be different from the initial state |ψ(0)〉, with
the only constraint that the initial currents and the initial ex-
pectation values of σˆ zi must be the same in the primed and
unprimed systems. i.e. we only require that,
〈ψ ′(0)| jˆ′ki|ψ ′(0)〉= 〈ψ(0)| jˆki|ψ(0)〉 (27)
and
〈ψ ′(0)|σˆ zi |ψ ′(0)〉= 〈ψ(0)|σˆ zi |ψ(0)〉 (28)
for all k and i. The equation of motion for the current under
evolution of this Hamiltonian is,
∂
∂ t
〈 jˆ′ki〉′ = 〈Tˆ ′ki〉′+ 〈Fˆ ′ki〉′+4〈Tˆ ′ki〉′δh′ik. (29)
Here, the operators jˆ′ki, Tˆ
′
ki, Tˆ
′
ki and Fˆ
′
ki are defined exactly as
for the unprimed system in Eq’s 8, 18, 24 and 25 respectively,
but with J⊥i j and J
‖
i j replaced by J
′⊥
i j and J
′‖
i j .
We now assume that all quantities in Eq.’s 23 and 29 are
equal to their Taylor series expansions with a finite radius of
convergence around t = 0. Denoting the Taylor expansion of
an arbitrary function f (t) as f (t) = ∑∞i=0 f mtm and Taylor ex-
panding both sides of Eq. 23, we find after equating coeffi-
cients of equal powers of t,
(m+1)〈 jˆki〉m+1 = 〈Tˆki〉m+ 〈Fˆki〉m+4
m
∑
s=0
〈Tˆki〉m−sδhsik.
(30)
Similarly, for Eq. 29 we have,
(m+1)〈 jˆ′ki〉
′m+1 = 〈Tˆ ′ki〉
′m+ 〈Fˆ ′ki〉
′m+4
m
∑
s=0
〈Tˆ ′ki〉
′m−sδh
′s
ik.
(31)
We now subtract Eq. 31 from Eq. 30 and demand that
the set of currents {〈 jˆ12〉,〈 jˆ13〉, ...〈 jˆ23〉, ...〈 jˆN−1,N〉} and
{〈 jˆ′12〉′,〈 jˆ′13〉′, ...〈 jˆ′23〉′, ...〈 jˆ′N−1,N〉′} be the same in the primed
and unprimed systems. i.e. we demand that the Taylor coeffi-
cients 〈 jˆki〉m and 〈 jˆ′ki〉
′m be the same for all m and for all qubit
pairs k and i. This yields
4〈Tˆ ′ki〉
′0δh
′m
ik =−4
m−1
∑
s=0
〈Tˆ ′ki〉
′m−sδh
′s
ik +4
m
∑
s=0
〈Tˆki〉m−sδhsik
+ 〈Tˆki〉m−〈Tˆ ′ki〉
′m+ 〈Fˆki〉m−〈Fˆ ′ki〉
′m, (32)
for all k and i. We see that the left hand side of Eq. 32
contains Taylor coefficients of δh′ik(t) of order m, while the
right hand side has only Taylor coefficients of δh′ik(t) of or-
der less than m and known quantities. Thus, when supple-
mented with the condition in Eq. 27, Eq. 32 is a unique re-
cursion relation for the Taylor coefficients of the local field
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Figure 5: Open chain of 4 qubits with second nearest-neighbor couplings - If we add second nearest neighbor couplings as well (shown
in a)), it will be possible to find two sets of currents that yield the same derivatives of σ z. For instance, if one considers a new set of currents
around the closed loop shown in b), such that {δ j12,δ j13,δ j23} = constant, the derivatives of σ z will remain unchanged. This is equivalent to
adding a purely transverse term to the current.
9differences δh′ik(t), which reproduce the given set of cur-
rents {〈 jˆ12〉,〈 jˆ13〉, ...〈 jˆ23〉, ...〈 jˆN−1,N〉} using different two-
qubit interactions J′⊥i j and J
′‖
i j . Eq. 32 can be used to construct
the set local fields, {h′1,h′2, ...h′N} up to an arbitrary constant
field. For periodic boundary conditions, the arbitrary constant
is again fixed by the extra symmetry and the fields themselves
are uniquely determined.
So far we have established a VL theorem for TDCDFT.
In order to establish the VL theorem of TDDFT discussed
in the text, we simply need to add the condition in Eq. 28.
With this additional constraint, it is clear from Eq’s. 9
and 14 that if the constructed fields {h′1,h′2, ...h′N} force
the set {〈 jˆ′12〉′,〈 jˆ′13〉′, ...〈 jˆ′23〉′, ...〈 jˆ′N−1,N〉′} to be the same
as {〈 jˆ12〉,〈 jˆ13〉, ...〈 jˆ23〉, ...〈 jˆN−1,N〉}, the sets {σ ′z1 ,σ ′z2 , ...σ ′zN }
and {σ z1,σ z2, ...σ zN} must be the same as well.
We now discuss two main conditions of the theorem:
1) All of the quantities appearing in Eq.’s 23 and 29 as well as
the sets {σ z1,σ z2, ...σ zN} and {σ ′z1 ,σ ′z2 , ...σ ′zN } must be equal to
their Taylor expansions within a finite radius of convergence
for the theorem to hold. This is a much more restrictive con-
dition than for the RG theorem, which only requires that the
sets of fields {h1,h2, ...hN} and {h′1,h′2, ...h′N} be equal to their
Taylor series expansions. This restriction arises in the VL the-
orem of electronic TDDFT as well and approaches to circum-
vent this condition have begun to be researched [24].
2) For the entire set of fields {h′1,h′2, ...h′N} to exist, 〈Tˆ ′ki〉
′0
must be non-vanishing for all pairs of qubits k and l. This
too is a more severe restriction on the class of admissible ini-
tial states than in the R.G. theorem, which only required that
〈Tˆki〉0 be non-vanishing for certain values of k and l. However,
since we are free to choose |ψ ′(0)〉 so long as it satisfies the
conditions in Eq.’s 27 and 28, we will often be able to choose
an initial state such that 〈Tˆ ′ki〉
′0 6= 0. From a practical stand-
point, we have also found in our numerical simulations that
for vanishing 〈Tˆ ′ki〉
′0, we can add a small convergence factor
to make the fields well behaved at the initial time with little er-
ror in the overall propagation. This situation does not arise in
electronic TDDFT for continuous systems, but similar prob-
lems have been noticed when one defines electronic TDDFT
for lattice systems [25–28]. Since the qubit Hamiltonians we
consider in this letter are also discrete, it is not surprising that
a similar situation arises.
C. Entanglement as a functional of the set {σ z1,σ z2, ...σ zN}.
In this section, we will discuss the construction of two-qubit
entanglement as a functional of the single-qubit expectation
values, {σ z1,σ z2, ...σ zN}. We use the concurrence as a measure
of the entanglement between any two qubits in an N-qubit sys-
tem [13]. Since the concurrence depends on non-commuting
two-qubit observables, we expect that it is in general very hard
to construct exactly as a functional of the set {σ z1,σ z2, ...σ zN},
which are simple expectation values of commuting single-
qubit observables. We will see that this is indeed the case,
but in the spirit of electronic TDDFT, one can hope to develop
simple approximations.
The two-qubit reduced density matrix (2RDM) for the kth
and lth qubits is obtained by tracing the full N-qubit density
matrix over all other N−2 qubits in the system. In this letter
we consider only pure states, so the 2RDM is simply given by
ρkl = Tr1,...k−1,k+1,...l−1,l+1,...N [|ψ(t)〉〈ψ(t)|] , (33)
where Tr denotes a partial trace. Defining the "time-reversed"
2RDM as
ρ˜kl = σˆ
y
k ⊗ σˆ yl ρ∗klσˆ yk ⊗ σˆ yl , (34)
the concurrence Ekl is defined in terms of the eigenvalues λi
of the matrix ρkl ρ˜kl as,
Ekl = max(0,
√
λ1−
√
λ2−
√
λ3−
√
λ4). (35)
In Eq. 35, the eigenvalues λi are arranged in decreasing order.
i.e. λ1 > λ2 > λ3 > λ4.
We first investigate the concurrence for a system which is
restricted to the σ ztotal = ±(N − 2) subspace. There is only
one flipped qubit relative to the other N − 1 qubits. This is
also known as the single-excitation manifold. We denote |i〉=
|00...010...00〉 as the computational basis state with the ith
qubit in the state |1〉 and all other qubits in the state |0〉 (the
0’s and 1’s can be interchanged without changing any results).
The N-qubit density matrix can be expanded in terms of the N
computational basis functions as,
|ψ(t)〉〈ψ(t)|=
N
∑
i, j=1
a∗i (t)a j(t)| j〉〈i|. (36)
From the above expression, we find the 2RDM for the kth and
lth qubits to be
ρkl =

∑i6=k,l |ai(t)|2 0 0 0
0 |al(t)|2 al(t)a∗k 0
0 a∗l (t)ak |ak(t)|2 0
0 0 0 0
 . (37)
In Eq. 37, ρkl is expressed in the 2-qubit computational basis
states, {|00〉, |01〉, |10〉, |11〉}. From Eq.’s 34 and 35, we find
the concurrence to be,
Ekl = 2|al(t)||ak(t)|. (38)
In order to re-express Ekl in terms of {σ z1,σ z2, ...σ zN}, we need
to invert the matrix equation
~σ z =←→M~a, (39)
where ~σ z and ~a are column vectors formed from the sets
{σ z1,σ z2, ...σ zN} and {|a1|2, |a2|2, ...|aN |2} respectively and
←→
M
is a square matrix with the diagonal elements equal to -1 and
all other elements equal to 1. Carrying out the inversion and
substituting the result into Eq. 38 yields Eq. 4 of the main text.
Thus, we see that in the case of a single flipped qubit, it is very
simple to obtain an exact entanglement functional.
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As a more complicated example, we consider entanglement
in the σ ztotal =±(N−4) subspace, which contains states with
two flipped qubits. We denote |i j〉 = |00...010...010...00〉 as
the computational basis state with the ith and jth qubits in the
state |1〉 and all other qubits in the state |0〉. Here, we can
expand the N-qubit density matrix in terms of these N(N−1)2
computational basis functions as,
|ψ(t)〉〈ψ(t)|= ∑
i< j,k<l
a∗i j(t)akl(t)|kl〉〈i j|. (40)
Obtaining the 2RDM as before, we find the eigenvalues of
ρkl ρ˜kl to be
λ1 =
{√
(∑
i 6=k,l
|ail(t)|2)( ∑
j 6=k,l
|a jk(t)|2)+ | ∑
i 6=k,l
aki(t)a∗li(t)|
}2
,
(41)
λ2 = λ3 = |akl(t)|2 ∑
i< j 6=k,l
|ai j(t)|2, (42)
and
λ4 =
{√
(∑
i 6=k,l
|ail(t)|2)( ∑
j 6=k,l
|a jk(t)|2)−| ∑
i 6=k,l
aki(t)a∗li(t)|
}2
.
(43)
The terms depending on sums over the coefficients’ moduli
squared, |ai j(t)|2, can be obtained fairly easily in terms of
{σ z1,σ z2, ...σ zN} using the expression
σ zi = 1−∑
l 6=i
|ail(t)|2. (44)
However, we see that λ1 and λ4 also contain the term
|∑i6=k,l aki(t)a∗li(t)|, which depends explicitly on phases in the
wavefunction. The imaginary parts of the coherences can be
obtained from the currents, which in turn can be obtained from
time derivatives of {σ z1,σ z2, ...σ zN}. However, the real parts of
the coherences depend on expectation values of the kinetic
energy operators, Tˆkl , and in general will need to be approx-
imated. Since the number of computational basis states in-
creases with the number of flipped qubits, we expect the exact
entanglement functional to become progressively more com-
plicated as more qubits are flipped. This highlights the need
for constructing simple approximate entanglement functionals
and will be explored in future work.
D. Numerical propagation of the VL construction.
In this section we discuss how the proof of the VL theorem
can be used to numerically construct a set of auxiliary fields
{h′1,h′2, ...h′N}, which reproduce a given set {σ z1,σ z2, ...σ zN} us-
ing a different two-qubit interaction. This procedure was used
to simulate a Heisenberg model using an XY model in the
main text, and was demonstrated in Figure 3 and Figures 6
and 7 (below).
In principle, Eq. 32 can be used as a recursion relation to
construct the Taylor coefficients of {h′1,h′2, ...h′N} to arbitrary
order, but in practice this proves to be numerically cumber-
some. Instead, we use a formulation of the VL construction
based on a non-linear Schrödinger equation. A similar con-
struction was presented in ref. [24] for electronic TDDFT.
We begin by numerically solving the time-dependent
Schrödinger equation in the "unprimed system",
∂
∂ t
|ψ(t)〉= Hˆ(t)|ψ(t)〉, (45)
for a given initial state |ψ(0)〉 and a given Hamiltonian Hˆ(t)
which we wish to simulate (see below for simulation de-
tails). From |ψ(t)〉, we can calculate all relevant observ-
ables, and in particular, we can calculate the set of currents
{〈 jˆ12〉,〈 jˆ13〉, ...〈 jˆ23〉, ...〈 jˆN−1,N〉} at each time-step.
We then construct the set of fields {h′1,h′2, ...h′N} which re-
produce this set of currents, but using a Hamiltonian with dif-
ferent two-qubit interactions J′⊥i j and J
′‖
i j ,
Hˆ ′(t) =
N
∑
i< j
J′⊥i j (σˆ
x
i σˆ
x
j + σˆ
y
i σˆ
y
j )+
N
∑
i< j
J′‖i j σˆ
z
i σˆ
z
j +
N
∑
i=1
h′i(t)σˆ
z
i .
(46)
This is done by numerically solving Eq. 29 for the
set {h′1,h′2, ...h′N} at each time-step, with the re-
quirement that {〈 jˆ12〉,〈 jˆ13〉, ...〈 jˆ23〉, ...〈 jˆN−1,N〉} =
{〈 jˆ′12〉′,〈 jˆ′13〉′, ...〈 jˆ′23〉′, ...〈 jˆ′N−1,N〉′} for all k and l. i.e.
we solve
∂
∂ t
〈 jˆki〉= 〈Tˆ ′ki〉′+ 〈Fˆ ′ki〉′+4〈Tˆ ′ki〉′δh′ik(t), (47)
for all δh′ik(t), where on the left hand side 〈 jˆki〉 are known
from the solution to Eq. 45. However, since 〈Tˆ ′ki〉′, 〈Fˆ ′ki〉′ and
〈Tˆ ′ki〉′ depend on the auxiliary wavefunction |ψ ′(t)〉, to solve
Eq. 47 we must simultaneously solve the auxiliary system’s
time-dependent Schrödinger equation,
∂
∂ t
|ψ ′(t)〉= Hˆ ′(t)|ψ ′(t)〉, (48)
where Hˆ ′(t) in turn depends on δh′ik(t). Thus, Eq. 48 is a
non-linear Schrödinger equation and Eq.’s 47 and 48 repre-
sent a set of coupled non-linear ordinary differential equations
for the auxiliary wavefunction |ψ ′(t)〉 and the set of fields
{h′1,h′2, ...h′N}. To solve this system of equations, we begin
with an initial state |ψ ′(0)〉 which satisfies the conditions in
Eq.’s 27 and 28. By enforcing Eq. 28, we ensure that our solu-
tions to Eq.’s 47 and 48 will reproduce the set {σ z1,σ z2, ...σ zN}
in addition to the currents. From |ψ ′(0)〉, we can solve Eq. 47
at t = 0,
∂
∂ t
〈 jˆki〉|t=0 = 〈Tˆ ′ki〉′|t=0+ 〈Fˆ ′ki〉′|t=0+4〈Tˆ ′ki〉′|t=0δh′ik(0),
(49)
for field differences δh′ik(0). After making a choice for
the arbitrary global field, we can construct the set of fields
{h′1(0),h′2(0), ...h′N(0)} at t = 0 and the Hamiltonian Hˆ ′(0).
We then solve
∂
∂ t
|ψ ′(t)〉|t=0 = Hˆ ′(0)|ψ ′(0)〉, (50)
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to obtain |ψ ′(dt)〉 at the next time-step. From |ψ ′(dt)〉, we
obtain {h′1(dt),h′2(dt), ...h′N(dt)} by solving
∂
∂ t
〈 jˆki〉|t=dt = 〈Tˆ ′ki〉′|t=dt + 〈Fˆ ′ki〉′|t=dt +4〈Tˆ ′ki〉′|t=dtδh′ik(dt).
(51)
This procedure is continued at each time-step until we obtain
{h′1,h′2, ...h′N} and |ψ ′(t)〉 on the entire interval [0,t].
For the simulation presented in the main text, Hˆ(t) is the
Heisenberg Hamiltonian and Hˆ ′(t) is an XY Hamiltonian
with the chosen parameters. With the initial state |ψ(0)〉 =
1√
3
(|011〉+ |101〉+ |110〉), we solve Eq. 45 using the fourth-
order Runge-Kutta method. |ψ(t)〉 is propagated on a uniform
grid with 104 time-steps, each of duration dt = 1.5×10−4 h¯2J .
With |ψ(t)〉, we can calculate derivatives of the currents be-
tween all 3 qubits to be used in Eq. 47. We use the procedure
outlined in Eq.’s 47- 51 to obtain |ψ ′(t)〉 and {h′1,h′2,h′3} of
the auxiliary XY Hamiltonian. For the auxiliary system’s ini-
tial state, we chose |ψ ′(0)〉 = |ψ(0)〉 = 1√
3
(|011〉+ |101〉+
|110〉), which satisfies the conditions in Eq.’s 27 and 28 since
the initial currents vanish in both the primed and unprimed
systems. We also fix the arbitrary global field by choosing
h′2(t) = h2(t) for all t. Since |ψ ′(0)〉 is an eigenstate of σˆ ztotal ,
this choice corresponds to trivially fixing the global phase
of the auxiliary system’s wavefunction and any other choice
would yield identical expectation values of observables.
As shown in Figure 3, the set {σ z1,σ z2,σ z3} is faithfully re-
produced by |ψ ′(t)〉. In Figure 6 we show expectation val-
ues of several other observables calculated with |ψ(t)〉 in the
left column and |ψ ′(t)〉 in the right column. Naturally, ob-
servables that depend explicitly on the set {σ z1,σ z2,σ z3} are
the same in both cases, while those that do not will be dif-
ferent. In particular, we see that the entanglement is the
same in both cases, since both |ψ(t)〉 and |ψ ′(t)〉 remain
a superposition of states with one flipped qubit during the
evolution. This means that the explicit entanglement func-
tional in Eq. 4 holds, and since both wavefunctions produce
the same set {σ z1,σ z2,σ z3}, they necessarily produce the same
entanglement. As expected, the currents {〈 jˆ12〉,〈 jˆ23〉} and
{〈 jˆ′12〉′,〈 jˆ′23〉′} are the same for both wavefunctions, while the
kinetic terms {〈Tˆ12〉,〈Tˆ23〉} and {〈Tˆ ′12〉′,〈Tˆ ′23〉′} are different.
The same situation arises in electronic DFT, where the Kohn-
Sham wavefunction reproduces the correct density and cur-
rent, but the kinetic energy is in general different from that of
the true correlated wavefunction. In Figure 7, we plot the ex-
pansion coefficients of |ψ(t)〉 and |ψ ′(t)〉 in the computational
basis {|011〉, |101〉, |110〉}, which as expected are rather dif-
ferent. It is also interesting to note that in our formalism, the
operators for the current and kinetic energy are different in the
original and auxiliary systems, since we let all two-qubit pa-
rameters in the Hamiltonian differ. This situation is different
than in electronic TDDFT, where the kinetic energy and cur-
rent operators themselves are the same, although expectation
values may be different in the case of the kinetic energy. This
is important in our formalism, especially with regard to the
current, since although {〈 jˆ12〉,〈 jˆ23〉} = {〈 jˆ′12〉′,〈 jˆ′23〉′}, one
finds that in general {〈 jˆ12〉,〈 jˆ23〉} 6= {〈 jˆ12〉′,〈 jˆ23〉′}.
E. Analogies between electronic TDDFT and TDDFT for
quantum computation.
Throughout the manuscript we have tried to stress the
analogies between electronic TDDFT and TDDFT for sys-
tems of qubits. The main relevant quantities in electronic
TDDFT and the analogous quantities in TDDFT for quantum
computation are summarized in Figure 8. The current and
local kinetic energy for electronic TDDFT are written for a
single electron, but the extension to N electrons is straightfor-
ward, by integrating over N−1 coordinates.
Despite the clear similarities, there are also important dif-
ferences between qubit and electronic systems. Qubits are dis-
tinguishable quantum particles and the wavefunction does not
need to obey any particular permutational symmetry. In con-
trast, electrons are indistinguishable fermions with a fully an-
tisymmetric wavefunction. Through the Jordan-Wigner trans-
formation [30], a system of qubits can in fact be mapped into
a system of spinless fermions, but we do not pursue this in the
present work. Also, the pauli sigma operators obey a different
commutator algebra than the electronic position and momen-
tum operators. The resulting kinetic energy operator is a two-
qubit quantity in TDDFT for quantum computation, while for
electronic TDDFT it is a one-electron operator.
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Figure 7: Wavefunctions in the Heisenberg Hamiltonian verses the XY Hamiltonian - The real parts (a) and the imaginary parts (b) of
the expansion coefficients of |ψ(t)〉 = ∑3i< j ai j(t)|i j〉 (left column) and |ψ ′(t)〉 = ∑3i< j a′i j(t)|i j〉 (right column) in the computational basis.
Although the wavefunctions are clearly different, they both reproduce the same set {σ z1,σ z2,σ z3} throughout the evolution.
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under the Hamiltonian in Eq. 5. Working out the commutator
of Eq. 6 yields
∂
∂ t
σ zi = 2
N
∑
k !=i
J⊥ki (〈σˆ xk σˆ yi 〉−〈σˆ yk σˆ xi 〉)
= −1
ı
N
∑
k !=i
J⊥ki (〈σˆ+k σˆ−i 〉−〈σˆ−k σˆ+i 〉), (7)
where we have introduced the pauli raising and lowering op-
erators σˆ± = σˆ x± ıσˆ y in the second equality. Defining
jˆki ≡−2J⊥ki (σˆ xk σˆ yi − σˆ yk σˆ xi ) =
1
ı
J⊥ki (σˆ
+
k σˆ
−
i − σˆ−k σˆ+i ) (8)
as the operator generating the "current" of σ z flowing from
the ith qubit to the kth qubit, Eq. 7 takes the form of a local
conservation law,
∂
∂ t
σ zi =−
N
∑
k !=i
〈 jˆki〉. (9)
This arises from the fact that the Hamiltonian in Eq. 5 con-
serves the total component of all N-qubits along the field di-
rection. i.e. it is readily verified that
∂
∂ t
N
∑
i
σ zi =
∂
∂ t
σ ztotal = 0. (10)
This is analogous to the situation in electronic structure the-
ory, where the local continuity equation
∂
∂ t
n(r, t) =−∇ · j, (11)
implies a global conservation of particle number
∂
∂ t
∫
n(r, t)d3r=
∂
∂ t
N = 0, (12)
where N is the number of electrons in the system.
We now consider a "primed" Hamiltonian
Hˆ ′(t) =
N
∑
i< j
J⊥i j (σˆ
x
i σˆ
x
j + σˆ
y
i σˆ
y
j )+
N
∑
i< j
J‖i jσˆ
z
i σˆ
z
j +
N
∑
i=1
h′i(t)σˆ
z
i ,
(13)
which has the same two-qubit interaction terms as the Hamil-
tonian in Eq. 5, but a different set of local fields {h′1,h′2, ...h′N}.
Let |ψ ′(t)〉 denote the wavefunction evolved from the same
initial state |ψ(0)〉, but under the Hamiltonian in Eq. 13. The
equation of motion for the expectation value of the ith qubit
along the z-axis under this primed Hamiltonian is
∂
∂ t
σ ′zi =−
N
∑
k !=i
〈 jˆki〉′, (14)
where we define 〈Oˆ〉′ ≡ 〈ψ ′(t)|Oˆ|ψ ′(t)〉 as the expectation
value of an arbitrary operator Oˆ with respect to the primed
wavefunction.
In what follows, we assume that the local fields in both
the primed and unprimed systems are equal to their Tay-
lor expansions within a finite radius of convergence around
t = 0. i.e. hi(t) = ∑∞j=0
[
1
j!
∂ j
∂ t j hi(t)
]
t=0
t j and simi-
larly h′i(t) = ∑
∞
j=0
[
1
j!
∂ j
∂ t j h
′
i(t)
]
t=0
t j (the assumption of tay-
lor expandability is discussed below). We will now pro-
ceed to show that if the set of fields {h1,h2, ...hN} dif-
fer from the set of fields {h′1,h′2, ...h′N} by more than
a global field which is the same for all N qubits,
the set of currents {〈 jˆ12〉,〈 jˆ13〉, ...〈 jˆ23〉, ...〈 jˆN−1,N〉} and
{〈 jˆ12〉′,〈 jˆ13〉′, ...〈 jˆ23〉′, ...〈 jˆN−1,N〉′}will necessarily be differ-
ent. The condition that the two sets of fields differ by more
than a global field, is equivalent to the statement that there
exists a smallest integer m! 0 such that the set{ ∂m
∂ tm
(h1(t)−h′1(t))|t=0,
∂m
∂ tm
(h2(t)−h′2(t))|t=0,
...
∂m
∂ tm
(hN(t)−h′N(t))|t=0
}
!= {C}, (15)
where here {C} is a constant set of N elements that are all the
same.
Next, we write down the equation of motion for the dif-
ference of the currents between the ith and kth qubits in the
primed and unprimed systems:
∂
∂ t
(〈 jˆki〉−〈 jˆki〉′) = ı〈
[
Hˆ(t), jˆkl ]
〉− ı〈[Hˆ(t), jˆkl ]〉′ . (16)
Since both systems evolve from a common initial state |ψ(0)〉,
we have at t = 0,
∂
∂ t
(〈 jˆki〉−〈 jˆki〉′)|t=0 = ı〈ψ(0)|
[
(Hˆ(0)− Hˆ ′(0)), jˆki
] |ψ(0)〉
= 4〈ψ(0)|Tˆki|ψ(0)〉(∆hi(0)−∆hk(0)). (17)
Here, we have defined ∆hi(t) = hi(t)−h′i(t) as the difference
between the unprimed and primed fields acting on the ith qubit
and similarly, ∆hk(t) = hk(t)−h′k(t).
Tˆki ≡ J⊥ki (σˆ xk σˆ xi + σˆ yk σˆ yi ) =
J⊥ki
2
(σˆ+k σˆ
−
i + σˆ
−
k σˆ
+
i ) (18)
is similar to a local kinetic energy operator, describing the
total transfer of σ z between the ith and kth qubits. From
Eq. 17, we see that if the condition in Eq. 15 is satis-
fied for m = 0, the sets {〈 jˆ12〉,〈 jˆ13〉, ...〈 jˆ23〉, ...〈 jˆN−1,N〉} and
{〈 jˆ12〉′,〈 jˆ13〉′, ...〈 jˆ23〉′, ...〈 jˆN−1,N〉′} will become different in-
stantaneously later than t = 0 (with a restriction on the vanish-
ing of 〈ψ(0)|Tˆki|ψ(0)〉 discussed below). If the condition in
Eq. 15 instead holds for some m > 0, we differentiate Eq. 16
m times to obtain
∂m+1
∂ tm+1
(〈 jˆki〉−〈 jˆki〉′)|t=0= 4〈ψ(0)|Tˆki|ψ(0)〉 ∂
m
∂ tm
(∆hi(t)−∆hk(t))|t=0.
(19)
From here we see that if the set of local fields eventually dif-
fer at any order, the set of currents must as well. This estab-
lishes the RG theorem of TDCDFT. i.e. for a fixed initial state
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By balancing both accuracy and efficiency, density func-
tional theory (DFT) [1, 2] and its time-dependent exten-
sion (TDDFT) [3, 4] have become widely used methods in
computational physics and chemistry. DFT and TDDFT
are based on rigorous theorems, which reformulate many-
electron quantummechanics using the simple one-electron
density as the basic variable of interest rather than the
complicated many-electron wavefunction. In this letter
we will show that the theorems of TDDFT can be applied
to a class of qubit Hamiltonians that are universal in the
gate model of quantum computation. In a similar spirit
to DFT and TDDFT for electronic Hamiltonians, the the-
orems of TDDFT applied to universal Hamiltonians al-
low us to think of single-qubit expectation values as the
basic variables in quantum computation and information
theory, rather than the wavefunction. This represents a
great conceptual leap, but from a practical standpoint also
opens the possibi ity of approximating observables of in-
terest in quantum computions directly in terms of single-
qubit quantities (i.e. as density functionals). We will also
see that TDDFT gives an exact prescription for simulating
one universal Hamiltonian with another universal Hamil-
tonian which has different, and possibly simpler two-qubit
interactions.
We begin by briefly reviewing TDDFT for a system of N-
electrons described by the Hamiltonian
Hˆ(t) =
N
∑
i=1
pˆ2i
2m
+
N
∑
i< j
w(|rˆi− rˆ j|)+
∫
v(r, t)nˆ(r)d3r, (1)
where pˆi and rˆi are respectively the position and momen-
tum operators of the ith electron, w(|rˆi− rˆ j|) is the electron-
electron repulsion and v(r, t) is a time-dependent one-body
scalar potential which includes the potential due to nuclear
charges as well as any external fields. nˆ(r) = ∑Ni δ (r− rˆi) is
the electron density operator, whose expectation value yields
the one-electron probability density. The first basic theorem of
TDDFT, known as the "Runge-Gross (RG) theorem" [4], es-
tablishes a one-to-one mapping between the expectation value
of nˆ(r) and the scalar potential v(r, t) and therefore through
the time-dependent Schrödinger equation, a one-to-one map-
ping between the density and the wavefunction. The RG the-
orem implies the remarkable fact that in principle, the one-
electron density contains the same information as the many-
electron wavefunction. The second basic TDDFT theorem
known as the "van Leeuwen (VL) theorem" [5] gives a pre-
scription for constructing an auxiliary system with a different
and possibly simpler electron-electron repulsion w′(|rˆi− rˆ j|),
which simulates the density evolution of the original Hamil-
tonian in Eq. 1. When w′(|rˆi− rˆ j|) = 0, this auxiliary system
is referred to as the "Kohn-Sham system" [2] and due to it’s
simplicity and accuracy, is in practice used in most DFT and
TDDFT calculatio s .
We now develop the RG and VL theorems for a system of N
qubits described by the universal 2-local Hamiltonian [6, 7],
Hˆ(t)=
N−1
∑
i=1
J⊥i,i+1(σˆ
x
i σˆ
x
i+1+σˆ
y
i σˆ
y
i+1)+
N−1
∑
i=1
J‖i,i+1σˆ
z
i σˆ
z
i+1+
N
∑
i=1
hi(t)σˆ zi .
(2)
Here, σˆ xi , σˆ
y
i , σˆ
z
i are Pauli operators for the ith qubit, hi(t)
are local applied fields arbitrarily chosen along the z-axis and
J‖i,i+1 and J
⊥
i,i+1 are two-qubit interaction terms respectively
parallel and perpendicular to the direction of the fields. The
above Hamiltonian describes an open chain of N qubits ar-
ranged in a one-dimensional array, with each qubit interacting
with its nearest neighbors. In refs. [6, 7], it was shown that
by appropriately tuning the local fields in Eq. 2, one can re-
alize any two qubit gate, which can be used to perform uni-
versal quantum computation when combined with singe-qubit
rotations. Although Eq. 2 describes quantum computing with
a fixed two-qubit interaction, by applying appropriate local
fields we can generate effective Hamiltonians describing sys-
tems with tunable two-qubit interactions as well. This can
be viewed as a time-dependent version of the widely em-
ployed method of Gadgets [12]. In Eq. 2, the case where
J⊥i,i+1 = J
‖
i,i+1 yields the Heisenberg Hamiltonian which de-
scribes exchange coupled spins in solid state arrays or quan-
tum dots in heterostructures [8]. The situation J⊥i, +1 %= J‖i,I+1
yields the XXZ Hamiltonian, used to model electronic qubits
on liquid Helium [9] or solid-state systems with anisotropy
due to spin-orbit coupling [10], while the limit J‖i,i+1 = 0
yields the XY model describing superconducting Josephson
junction qubits [11].
We now state the equivalent RG theorem for quantum com-
putation with the Hamiltonian in Eq. 2:
Theorem - For a given initial state |ψ(0)〉 evolving to |ψ(t)〉
under the Hamiltonian in Eq. 2 and with J‖i,i+1 and J
⊥
i,i+1
fixed, there exists a one-to-one mapping between the set of
expectation values {σ z1,σ z2, ...σ zN} and the set of local fields{h1,h2, ...hN} over a given interval [0 ,t].
Here, we have defined σ zi ≡ 〈ψ(t)|σˆ zi |ψ(t)〉 as the expectation
value of the component of the ith qubit along the field direc-
tion (z-axis). A detailed proof together with a more rigorous
discussion of the conditions on the theorem are provided in
the supplementary material. The RG theorem implies that the
set of local fields can be written as unique functionals of the
set of expectation values {σ z1,σ z2, ...σ zN}, as illustrated in the
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+
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∑
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w(|rˆi− rˆ j|)+
∫
v(r, t)nˆ(r)d3r, (1)
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electron repulsion and v( , t) is a time-dependent one-body
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the electron density operator, whose expectation value yields
the one-electron probability density. The first basic theorem of
TDDFT, known as the "Runge-Gross (RG) theorem" [4], es-
tablishes a one-to-one mapping between the expectation value
of nˆ(r) and the scalar potenti l v(r, t) and the fore through
the time-dependent Schrödinger equation, a one-to-one map-
ping between the density and the wavefunction. The RG the-
orem implies the remarkable fact that in principle, the one-
electron density contains the same information as the many-
electron wavefunction. The second basic TDDFT theorem
known as the "van Leeuwen (VL) theorem" [5] gives a pre-
scription for constructing an auxiliary system with a different
and possibly simpler electron-electron repulsion w′(|rˆi− rˆ j|),
which simulates the density evolution of the original Hamil-
tonian in Eq. 1. When w′(|rˆi− rˆ j|) = 0, this auxiliary system
is referred to as the "Kohn-Sham system" [2] and due to it’s
simplicity and accuracy, is in practice used in most DFT and
TDDFT calculations .
We now develop the RG and VL theorems for a system of N
qubits described by the universal 2-local Hamiltonian [6, 7],
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Here, σˆ xi , σˆ
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i are Pauli oper tors for th ith qubit, hi(t)
ar local applied fields arbitrarily chosen along the z-axis and
J‖i,i+1 and J
⊥
,i+1 are two-qubit interaction erms re p ctively
parallel and perpe icular to the direction of the fields. The
above Hamiltonian describes an open chain of N qubits ar-
ranged in a one-dimensional array, with each qubit interacting
with its nearest neighbors. In refs. [6, 7], it was shown that
by appropriately tuning the local fields in Eq. 2, one can re-
alize any two qubit gate, which can be used to perform uni-
versal quantum computation when combined with singe-qubit
rotations. Although Eq. 2 describes quantum computing with
a fixed two-qubit interaction, by applying appropriate local
fields we can generate effective Hamiltonians describing sys-
tems with tunable two-qubit interactions as well. This can
be viewed as a time-dependent version of the widely em-
ployed method of Gadgets [12]. In Eq. 2, the case where
J⊥i,i+1 = J
‖
i,i+1 yields the Heisenberg Hamiltonian which de-
scribes exchange coupled spins n soli state arrays or quan-
tum dots in heterostructures [8]. The situation J⊥i,i+1 %= J‖i,I+1
yields the XXZ Hamiltonian, used to model electronic qubits
on liquid Helium [9] or solid-state systems with anisotropy
due to spin-orbit coupling [10], while the limit J‖i,i+1 = 0
yiel s the XY model d scribing superconducting Josephson
junction qubits [11].
We now state the equivalent RG theorem for quantum com-
putation with the Hamiltonian in Eq. 2:
Theorem - For a given initial state |ψ(0)〉 evolving to |ψ(t)〉
under the Ha iltonian in Eq. 2 and with J‖i,i+1 and J
⊥
i,i+1
fixed, there exists a one-to-one mapping between the set of
expectation values {σ z1,σ z2, ...σ zN} and the set of local fields{h1,h2, ...hN} over a given interval [0 ,t].
Here, we have defined σ zi ≡ 〈ψ(t)|σˆ zi |ψ(t)〉 as the expectation
value of the component of the ith qubit along the field direc-
tion (z-axis). A detailed proof together with a more rigorous
discussion of the conditions on the theorem are provided in
the supplementary material. The RG theorem implies that the
set of local fields can be written as unique functionals of the
set of expectation values {σ z1,σ z2, ...σ zN}, as illustrated in the
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under the Hamiltonian in Eq. 5. Working out the co mutator
of Eq. 6 yields
∂
∂ t
σ zi = 2
N
∑
k !=i
J⊥ki (〈σˆ xk σˆ yi 〉−〈σˆ yk σˆ xi 〉)
= −1
ı
N
∑
k !=i
J⊥ki (〈σˆ+k σˆ−i 〉−〈σˆ−k σˆ+i 〉), (7)
where we have introduced the pauli raising and lowering op-
erators σˆ± = σˆ x± ıσˆ y in the second equality. Defining
jˆki ≡−2J⊥ki (σˆ xk σˆ yi − σˆ yk σˆ xi ) =
1
ı
J⊥ki (σˆ
+
k σˆ
−
i − σˆ−k σˆ+i ) (8)
as the operator generating the "current" of σ z flowing from
the ith qubit to the kth qubit, Eq. 7 takes the form of a local
conservation law,
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This is analog us to the situation in electronic structure the-
ory, where the local continuity equation
∂
∂ t
n(r, t) =−∇ · j, (11)
implies a global conservation of particle number
∂
∂ t
∫
n(r, t)d3r=
∂
∂ t
N = 0, (12)
where N is the umber of el ctrons i the sys em.
We now consider a "primed" Hami t nian
Hˆ ′(t) =
N
∑
i< j
J⊥i j (σˆ
x
i σˆ
x
j + σˆ
y
i σˆ
y
j )+
N
∑
i< j
J‖i jσˆ
z
i σˆ
z
j +
N
∑
i=1
h′i(t)σˆ
z
i ,
(13)
which has the same two-qubit interaction terms as the Hamil-
tonian in Eq. 5, but a different set of local fields {h′1,h′2, ...h′N}.
Let |ψ ′(t)〉 denote the wavefunction evolved from the same
initial state |ψ(0)〉, but under the Hamiltonian in Eq. 13. The
equation of motion for the expectation value of the ith qubit
along the z-axis under this primed Hamiltonian is
∂
∂ t
σ ′zi =−
N
∑
k !=i
〈 jˆki〉′, (14)
where we define 〈Oˆ〉′ ≡ 〈ψ ′(t)|Oˆ|ψ ′(t)〉 as the expectation
value of an arbitrary operator Oˆ with respect to the primed
wavefunction.
In what follows, we assume that the local fields in both
the primed and unprimed systems are equal to their Tay-
lor expansions within a finite radius of convergence around
t = 0. i.e. hi(t) = ∑∞j=0
[
1
j!
∂ j
∂ t j hi(t)
]
t=0
t j and simi-
larly h′i(t) = ∑
∞
j=0
[
1
j!
∂ j
∂ t j h
′
i(t)
]
t=0
t j (the assumption of tay-
lor expandability is discussed below). We will now pro-
ceed to show that if the set of fields {h1,h2, ...hN} dif-
fer from the set of fields {h′1,h′2, ...h′N} by more than
a global field which is the same for all N qubits,
the set of currents {〈 jˆ12〉,〈 jˆ13〉, ...〈 jˆ23〉, ...〈 jˆN−1,N〉} and
{〈 jˆ12〉′,〈 jˆ13〉′, ...〈 jˆ23〉′, ...〈 jˆN−1,N〉′}will necessarily be differ-
ent. The condition that the two sets of fields differ by more
than a global field, is equivalent to the statement that there
exists a smallest integer m! 0 such that the set{ ∂m
∂ tm
(h1(t)−h′1(t))|t=0,
∂m
∂ tm
(h2(t)−h′2(t))|t=0,
...
∂m
∂ tm
(hN(t)−h′N(t))|t=0
}
!= {C}, (15)
where her {C} is a constant set of N elements that are all the
sa e.
Next, we write down the equation of motion for the dif-
ference of the currents between the ith and kth qubits in the
primed and unprimed systems:
∂
∂ t
(〈 jˆki〉−〈 jˆki〉′) = ı〈
[
Hˆ(t), jˆkl ]
〉− ı〈[Hˆ(t), jˆkl ]〉′ . (16)
Since both systems evolve from a common initial state |ψ(0)〉,
we have at t = 0,
∂
∂ t
(〈 jˆki〉−〈 jˆki〉′)|t=0 = ı〈ψ(0)|
[
(Hˆ(0)− Hˆ ′(0)), jˆki
] |ψ(0)〉
= 4〈ψ(0)|Tˆki|ψ(0)〉(∆hi(0)−∆hk(0)). (17)
Here, we have defined ∆hi(t) = hi(t)−h′i(t) as the difference
between the unprimed and primed fields acting on the ith qubit
and similarly, ∆hk(t) = hk(t)−h′k(t).
Tˆki ≡ J⊥ki (σˆ xk σˆ xi + σˆ yk σˆ yi ) =
J⊥ki
2
(σˆ+k σˆ
−
i + σˆ
−
k σˆ
+
i ) (18)
is similar to a local kinetic energy operator, describing the
total transfer of σ z between the ith and kth qubits. From
Eq. 17, we see that if the condition in Eq. 15 is satis-
fied for m = 0, the sets {〈 jˆ12〉,〈 jˆ13〉, ...〈 jˆ23〉, ...〈 jˆN−1,N〉} and
{〈 jˆ12〉′,〈 jˆ13〉′, ...〈 jˆ23〉′, ...〈 jˆN−1,N〉′} will become different in-
stantaneously later than t = 0 (with a restriction on the vanish-
ing of 〈ψ(0)|Tˆki|ψ(0)〉 discussed below). If the condition in
Eq. 15 instead holds for some m > 0, we differentiate Eq. 16
m times to obtain
∂m+1
∂ tm+1
(〈 jˆki〉−〈 jˆki〉′)|t=0= 4〈ψ(0)|Tˆki|ψ(0)〉 ∂
m
∂ tm
(∆hi(t)−∆hk(t))|t=0.
(19)
From here we see that if the set of local fields eventually dif-
fer at any order, the set of currents must as well. This estab-
lishes the RG theorem of TDCDFT. i.e. for a fixed initial state
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under the Hamiltonian in Eq. 5. Working out the commutator
of Eq. 6 yields
∂
∂ t
σ zi = 2
N
∑
k !=i
J⊥ki (〈σˆ xk σˆ yi 〉−〈σˆ yk σˆ xi 〉)
= −1
ı
N
∑
k !=i
J⊥ki (〈σˆ+k σˆ−i 〉−〈σˆ−k σˆ+i 〉), (7)
where we have intr duced the pauli raising and lowering op-
erators σˆ± = σˆ x± ıσˆ y in the second equality. Defining
jˆki ≡−2J⊥ki (σˆ xk σˆ yi − σˆ yk σˆ xi ) =
1
ı
J⊥ki (σˆ
+
k σˆ
−
i − σˆ−k σˆ+i ) (8)
as the ope ator generating the "cu r nt" of σ z flowing from
the ith qubit to the kth qubit, Eq. 7 takes the form of a local
conservation law,
∂
∂ t
σ z =−
N
∑
k !=i
〈 jˆki〉. (9)
T is arises fro the fact tha the Hamiltonian n Eq. 5 con-
serves t e total component of all N-qubits along the field di-
rection. i.e. it is readily verified that
∂
∂ t
N
∑
i
σ zi =
∂
∂ t
σ ztotal = 0. (10)
This i nal gou to the situation in electronic structure the-
ory, wher the local continuity equation
∂
∂ t
n(r, t) =−∇ · j, (11)
implies a global conservation of particl number
∂
∂ t
∫
n(r, t)d3r=
∂
∂ t
N = 0, (12)
where N s the number of lectrons in the syst m.
We now consider a "prim d" Hamiltonian
Hˆ ′(t) =
N
∑
i< j
J⊥i j (σˆ
x
i σˆ
x
j + σˆ
y
i σˆ
y
j )+
N
∑
i< j
J‖i jσˆ
z
i σˆ
z
j +
N
∑
i=1
h′i(t)σˆ
z
i ,
(13)
which has the same two-qubit interacti n terms as the Hamil-
tonian in Eq. 5, but a different set of local fields {h′1,h′2, ...h′N}.
Let |ψ ′(t)〉 de ote the wavefunction evolved from the same
initial state |ψ(0)〉, but under the Hamiltonian in Eq. 13. The
equation of mot on for the expectation value f the i h qubit
along the z-axis under this prim d Hamiltonian is
∂
∂ t
σ ′zi =−
N
∑
k !=i
〈 jˆki〉′, (14)
where we define 〈Oˆ〉′ ≡ 〈ψ ′(t)|Oˆ|ψ ′(t)〉 as the expectation
value of an arbitrary operator Oˆ with r spect to the primed
wavefunction.
In what follows, we assume that the local fields in both
the primed and unprimed systems are equal to their Tay-
lor expansions within a finite radius of convergence around
t = 0. i.e. hi(t) = ∑∞j=0
[
1
j!
∂ j
∂ t j hi(t)
]
t=0
t j and simi-
larly h′i(t) = ∑
∞
j=0
[
1
j!
∂ j
∂ t j h
′
i(t)
]
t=0
t j (the assumption of tay-
lor expandability is discussed below). We will now pro-
ceed to show that if the set of fields {h1,h2, ...hN} dif-
fer from the set of fields {h′1,h′2, ...h′N} by more than
a global field which is the same for all N qubits,
the set of currents {〈 jˆ12〉,〈 jˆ13〉, ...〈 jˆ23〉, ...〈 jˆN−1,N〉} and
{〈 jˆ12〉′,〈 jˆ13〉′, ...〈 jˆ23〉′, ...〈 jˆN−1,N〉′}will necessarily be differ-
ent. The condition that the two sets of fields differ by more
than a global field, is equivalent to the statement that there
exists a smallest integer m! 0 such that the set{ ∂m
∂ tm
(h1(t)−h′1(t))|t=0,
∂m
∂ tm
(h2(t)−h′2(t))|t=0,
...
∂m
∂ tm
(hN(t)−h′N(t))|t=0
}
!= {C}, (15)
where here {C} is a constant set of N elements that are all the
same.
Next, we write down the equation of motion for the dif-
ference of the currents between the ith and kth qubits in the
primed and unprimed systems:
∂
∂ t
(〈 jˆki〉−〈 jˆki〉′) = ı〈
[
Hˆ(t), jˆkl ]
〉− ı〈[Hˆ(t), jˆkl ]〉′ . (16)
Since b th systems evolve from a common initial state |ψ(0)〉,
we have at t = 0,
∂
∂ t
(〈 jˆki〉−〈 jˆki〉′)|t=0 = ı〈ψ(0)|
[
(Hˆ(0)− Hˆ ′(0)), jˆki
] |ψ(0)〉
= 4〈ψ(0)|Tˆki|ψ(0)〉(∆hi(0)−∆hk(0)). (17)
Here, we have defined ∆hi(t) = hi(t)−h′i(t) as the difference
between the unprimed and primed fields acting on the ith qubit
and similarly, ∆hk(t) = hk(t)−h′k(t).
Tˆki ≡ J⊥ki (σˆ xk σˆ xi + σˆ yk σˆ y) =
J⊥ki
2
(σˆ+k σˆ
−
i + σˆ
−
k σˆ
+
i ) (18)
is similar to a local kinetic energy operator, describing the
total tra sfer of σ z betwee the ith and kth qubits. From
Eq. 17 we see that if the condition in Eq. 15 is satis-
fied for m = 0, the sets {〈 jˆ12〉,〈 jˆ13〉, ...〈 jˆ23〉, ...〈 jˆN−1,N〉} and
{〈 jˆ12〉′,〈 jˆ13〉′, ...〈 jˆ23〉′, ...〈 jˆN−1,N〉′} will become different in-
stantaneously later than t = 0 (with a restriction on the vanish-
ing of 〈ψ(0)|Tˆki|ψ(0)〉 discussed below). If the condition in
Eq. 15 inst ad h lds for some m > 0, we differentiate Eq. 16
m ti s to obtain
∂ +1
∂ +1
(〈 jˆki〉−〈 jˆki〉′)|t=0= 4〈ψ(0)|Tˆki|ψ(0)〉 ∂
m
∂ tm
(∆hi(t)−∆hk(t))|t=0.
(19)
From here we see that if the set of local fields eventually dif-
f r at any order, the set of currents must as well. This estab-
lishes the RG theorem of TDCDFT. i.e. for a fixed initial state
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|ψ(0)〉, there is a one to one mapping betw e he set of local
fields and the set of currents, up to a globally co stant field.
We n w discuss the three main condition of the theore :
1) 〈ψ(0)|Tˆki|ψ(0)〉 must be non-zero for at least one pair of
qubits k and i, whose local field differences ∆hi(t) and ∆hk(t)
are different at at least one instant on the interval [0,t]. This is
a fairly mild restriction on the set of ad issible initial states,
|ψ(0)〉. For instance, consider a worst c se scenario, in whi h
all the fi lds {h1,h2, ...hN} and {h′1,h′2, ...hN} differ by a con-
tant field, xc pt for 1 and ′1 which differ by a different
amount from others at only one instant in tim on the
inter al [0,t]. In is worst case, the restriction means that
〈ψ(0)|Tˆ1i|ψ(0)〉, must b non-zero for at least o value of i,
wher i= 1,2, ...,N. In he more eneral case, where the ets
{h1,h2, ...hN} and {h′1,h′2, ...hN} differ for several qubits or on
finite time intervals, this restriction is even less severe.
2) The elements of the sets h1,h2, ...hN} and {h′1,h′ , ...hN}
must be nalytic functions of time. i.e. equal to their Taylor
expansions within a finite radius of convergence. In quantum
c mpu ing, this is not a very s vere restriction, as one typi-
cally c structs pulses which are well behaved functions. his
restriction oes not even exclude sudden switching, which is
the case when applying idealized pulses to perform single-
qubit rotations.
3) The theorem establishes a one to one mapping between the
set of currents and the set of local fields up to a globally con-
stant field, we will denote C(t), which is the same for all N
qubits. If one applies periodic boundary conditions, the extra
symmetry fixes the value of C(t) and the mapping is one to
one between the fields and currents with no ambiguity. For
open boundary conditions, C(t) remains arbitrary, which cor-
responds to an arbitrary term C(t)∑Ni σˆ
z
i ≡ C(t)σˆ ztotal in the
Hamiltonian. If one begins in an initial state which is an
eigenstate of σˆ ztotal , this term is simply a c-number and adds a
trivial global phase to the wavefunction. This is typically the
case when one begins in a computational basis state. How-
ever, if one starts in a superposition of states with different
values of σ ztotal , the term C(t) σˆ
z
total yields a nontrivial coher-
ence between these states. Such coherences would be measur-
able for observables with non-zero matrix elements between
states of different σ ztotal . These observables would therefore
not be uniquely determined by the current when considering
open boundary conditions.
We now turn to the RG theorem of TDDFT,
which is discussed in the main text. From Eq. 9,
we see that it is possible for two different sets
of currents {〈 jˆ12〉,〈 jˆ13〉, ...〈 jˆ23〉, ...〈 jˆN−1,N〉} and
{〈 jˆ12〉′,〈 jˆ13〉′, ...〈 jˆ23〉′, ...〈 jˆN−1,N〉′} to correspond to the
same set {σ z1,σ z2, ...σ zN}, if there exists a set
{δ j12,δ j13, ...δ j23, ...δ jN−1,N}
≡ {(〈 jˆ12〉−〈 jˆ12〉′),(〈 jˆ13〉−〈 jˆ13〉′),
... (〈 jˆ23〉−〈 jˆ23〉′), ...(〈 jˆN−1,N〉−〈 jˆN−1,N〉′)}, (20)
Figure 4: Open Chain of 4 qubits with nearest neighbor couplings
- If we consider the set of currents shown in a), it will never be pos-
sible to find a new set of currents that will yield the same derivatives
of σ z. For instance, as shown in b), we can find a new set of currents
t at will yield the same derivatives of σ z on the middle two sites, but
the derivatives at the ends of the chain will necessarily be different.
such that
N
∑
k &=i
δ jik = 0. (21)
For a one-dimensional chain with open boundary conditions
and nearest neighbor couplings, such a set never exists, as
illustrated in Figure 4. Thus, for this case, no two sets of cur-
rents can yield the same set {σ z1,σ z2, ...σ zN}, and through the
RG theorem of TDCDFT, no two sets of fields {h1,h2, ...hN}
and {h′1,h′2, ...h′N} differing by more than a constant can yield
the same set {σ z1,σ z2, ...σ zN}. This establishes the RG theo-
rem of TDDFT for the Hamiltonian in Eq. 2 of the text. For
more general geometries, such as in Figure 5, it is possible to
find two different sets of currents such that ∑Nk &=i δ jik = 0. For
these geometries, the RG theorem of TDCDFT holds, how-
ever that of TDDFT does not. From the continuity equation
of electronic structure (Eq. 11), we see that we can add an ar-
bitrary transverse vector field !δ j (such that !∇ · !δ j = 0) to the
electronic current, without altering the value of ∂∂ t n(r, t). A
set {δ j12,δ j13, ...δ j23, ...δ jN−1,N} satisfying the condition in
Eq. 21 is analogous to a purely transverse current.
B. Proof of the van Leeuwen theorem
The proof of the VL theorem begins with the equation of
motion for the current under the evolution of the Hamiltonian
in Eq. 5,
∂
∂ t
〈 jˆki〉= ı〈
[
Hˆ(t), jˆki
]〉. (22)
3
for universal computatio , the VL theore :
Theorem - Consider a given et {σ z1,σ z2, ...σ zN} obtained from
the wavefunction |ψ(t)〉 evolved under the Hamiltonian in
Eq. 2. T re exists (see supplementary material for cer-
tain restrictions) a Hamiltonian with different two-qubit in-
teractions denoted J′⊥i,i+1 and J
′‖
i,i+1 and different local fields
{h′1,h′2, ...h′N}, which evolves a possibly different initial state|ψ ′(0〉 to d fferent final state |ψ ′(t)〉 such that the condition
{σ ′z1 ,σ ′z2 , ...σ ′zN } = {σ z1,σ z2, ...σ zN} is satisfied on the interval
[0,t].
Here, we have defined σ ′zi ≡ 〈ψ ′(t)|σˆ zi |ψ ′(t)〉. The VL theo-
rem allows us to obtain the set {σ z1,σ z2, ...σ zN} by simulating
the evolution with an auxiliary Hamiltonian having different
two-qubit int ractions an he ce a different ( d possibly sim-
pler) wav funct on evolution as illustrated in Figure 2. This
opens the p s ibility of simplifying computations by con-
structing simple approximations to the auxiliary fields as func-
tionals of single-qubit expectation values, in the same sense
that the exchange-correlation potential of electronic DFT and
TDDFT is approximated as a functional of the one-body en-
sity in the Kohn-Sham scheme.
The proof of the VL theorem also gives a mathemati-
cal procedure (see supplementary material) for engineering
the exact auxiliary fields {h′1,h′2, ...h′N} which reproduce a
given set {σ z1,σ z2, ...σ zN} under a different two-qubit interac-
tion. As a simple demonstration, we use this procedure to
numerically simulate a 3-qubit H isenberg Hamiltonian us-
ing an XY Hamiltonian as the auxiliary system (Figure 3).
For the simulation, the system is prepared in the initial state
|ψ(0)〉 = 1√
3
(|011〉+ |101〉+ |110〉), where |1〉 and |0〉 are
igenstates f σˆ z with eigenvalues -1 and 1 respectively. In
the H is nberg Hamiltoni n, J⊥i,i+1 = J
‖
i,i+1 ≡ Ji,i+1 and we
choose J12 = J23 = 0.5. We apply a pulse of the form
h1(t) = 0.6∑4n=1(−1) +1sin [(2n−1)t] to the first qubit and
h3(t) = 0.6∑4n=1(−1)2nsin [2nt] to the third qubit. The time-
dependent Schrödinger equation is solved numerically and the
set {σ z1,σ z2,σ z3} is read out during the evolution. Details of
the simulatio ar provided in the supplementary material.
For the auxiliary XY Ha iltonian, J′‖i,i+1 = 0 and we choose
different and non-unif rm couplings n which J′⊥12 = 1.2 and
J′⊥23 = −1. Using the VL theorem, we engineer the auxil-
iary local fields {h′1,h′2,h′3} which using non-uniform XY
inter ction, reproduce t e e {σ z1,σ z2,σ z3} obtained from he
original evolution und r unifor Hesienberg Hamiltonian.
As seen in Figure 3, the auxiliary loca fields are quite differ-
ent from the origi al loc l fi lds applied to t e Heis nberg
mod l, but simulate th set of com onents {σ z1,σ z2,σ z3} cor-
rectly. i.e. {σ ′z1 ,σ ′z2 ,σ ′z3 } = {σ z1,σ z2,σ z3}. In the language of
el ctronic DFT, the XY mod l in ur si ulation is analogous
to the "Kohn-Sham system" an the t {h′1,h′2,h′3} play th
role of the exact Kohn-Sham potential as a density functional.
The VL theorem could also prove useful from an experimental
perspective, as i al ows one to ngineer differe t pulses whic
perfo m the same computati ns, but using different two-qubit
couplings.
The RG and VL theorems place TDDFT for universal quan-
tum computation on a firm theoretical footing and open sev-
eral exciting research avenues. The development of approxi-
mate density functionals has been essential for the success of
electronic TDDFT and will be in quantum computation and
information theory as well. Density functionals for strongly
correlated lattice and spin systems have been recently pro-
posed [16–19] and could be applied to several problems of
relevance in quantum computing. In refs. [16–19] local den-
sity (LDA) and generalized gradient approximations (GGA)
for one dimensional Hubbard and spin chains were derived
from exact Bethe ansatz solutions and could readily be ap-
plied to solid- tate quantum computing or perfect state trans-
fer protocols in spin networks [20]. Functionals can also be
parametrized fr m numerical simulations of one-dimensional
qubit systems using time-dependent density matrix renormal-
ization group methods (TDMRG) [21], in much the same way
that Monte Carlo simulations of the uniform electron gas have
proven invaluable in electronic DFT [22]. Another impor-
tant research direction will be the generalization of DFT and
TDDFT to other universal Hamiltonians and models of quan-
tum computation. For instance, ref. [23] discussed the use
of TDDFT for obtaining gaps in adiabatic quantum compu-
tation. In [29], groundstate DFT was used to study relation-
ships between entanglement and quantum phase transitions.
We are currently exploring an extension of the TDDFT the-
orems to models with directly tunable two-qubit interactions,
as opposed to the fixed interactions discussed in this letter.
Useful discussions with S. Mostame, J. D. Whitfield, S.
Boxio, M. H. Yung and J. Parkhill are greatfully acknowl-
edged. We thank ... for financial support.
Supplemental Material
A. Proof of the Runge-Gross theorem
In this section we will first consider a proof of the RG the-
orem for Hamiltonians of the form
Hˆ(t) =
N
∑
i< j
J⊥i j (σˆ
x
i σˆ
x
j + σˆ
y
i σˆ
y
j )+
N
∑
i< j
J‖i jσˆ
z
i σˆ
z
j +
N
∑
i=1
hi(t)σˆ zi , (5)
which r duces to Eq. 2 of the text in the limit of a one-
dimensional array with nearest neighbor couplings and open
boundary conditions. We will see that it is possible to formu-
late the RG theorem of time-dependent current density func-
tional theory (TDCDFT) for the more general class of Hamil-
t ia s in Eq. 5, but for TDDFT one must stay with the more
restri ted form in Eq. 2.
The proof begins with the equation of motion for the expec-
tation value of the ith qubit along the field direction (z-axis),
∂
∂ t
σ zi = ı〈
[
Hˆ(t), σˆ zi
]〉, (6)
where 〈Oˆ〉 ≡ 〈ψ(t)|Oˆ|ψ(t)〉 denotes the expectation value of
an arbitrary operator Oˆ at time t and |ψ(t)〉 is the wavefunction
evolved on an interval [0,t] from a given initial state |ψ(0)〉,
3
for universal computation, the VL theorem:
Theore - Consider a given set {σ z1,σ z2, ...σ zN} obtained from
the wav function |ψ(t)〉 evolved under the amiltonian in
Eq. 2. There exists (see supplementary material for cer-
tain restrictions) a Hamiltonian with different two-qubit in-
teractions denoted J′⊥i,i+1 and J
′‖
i,i+1 and different local fields
{h′1,h′2, ...h′N}, which evolves a possibly different i iti l tat|ψ ′(0〉 to a different final state |ψ ′(t)〉 such that the cond tion
{σ ′z1 ,σ ′z2 , ...σ ′zN } = {σ z1,σ z2, ...σ zN} is sat sfied on the nterval
[0,t].
Here, w have defined σ ′zi ≡ 〈ψ ′(t)|σˆ zi |ψ ′(t)〉. The VL theo-
rem allows us to obtain the set {σ z1,σ z2, ...σ zN} by si ulating
the e olution ith an auxiliary Hamiltonian having different
two-qubit interactions a d hence a different (and possibly sim-
pler) w v function evolution as illustrated i Figure 2. This
opens the possibility of simplifying computations by con-
structing simple approximations to the auxiliary fields as func-
tionals of single-qubit xpectat on values, in t same sense
that the exchang -correlation potential of electronic DFT and
TDDFT is approxi ated as a unctional of he one-body d n-
sity in th Kohn-Sham scheme.
The proof of the VL theorem also gives a mathemati-
cal procedure (see supplementary material) for engineering
the exact auxiliary fields {h′1,h′2, ...h′N} which reproduce a
given set {σ z1,σ z2, ...σ zN} under a different two-qubit interac-
t . As a simple demons r tion, we use this procedure to
numerically simulate 3-qubit Heisenberg Hamiltonian us-
ing an XY Hamilto ian as the auxiliary system (Figure 3).
For the simulation, the system is prepared in the initial state
|ψ(0)〉 = 1√
3
(|011〉+ |101〉+ |110〉), where |1〉 and |0〉 are
eigenstates of σˆ z with eigenvalues -1 and 1 respectively. In
the Heisenberg Hamiltonian, J⊥i,i+1 = J
‖
i,i+1 ≡ Ji,i+1 and we
choose J12 = J23 = 0.5. We apply a pulse of the form
h1(t) = 0.6∑4n=1(−1)n+1sin [(2n−1)t] to the first qubit and
h3(t) = 0.6∑4n=1(−1)2nsin [2nt] to the third qubit. The ti e-
dependent Schrödinger equation is solved numerically and the
set {σ z1,σ z2,σ z3} is read out during the evolution. Details of
th simulation are provided in the supplementary material.
For the auxiliary XY Hamiltonian, J′‖i,i+1 = 0 and we choose
different and non-uniform couplings in which J′⊥12 = 1.2 and
J′⊥23 = −1. Using the VL theorem, we engi eer the auxil-
iary local fields {h′1,h′2,h′3} which using a non-uniform XY
interaction, reproduce the set {σ z1,σ z2,σ z3} obtained from the
original evolution under the uniform Hesienberg Hamiltonian.
As seen in Figure 3, the auxiliary local fields are quite differ-
ent from the original local fields applied to t e Heisenberg
model, but simulate the set of components { z1, z2,σ z3} c r-
rectly. i.e. {σ ′z1 ,σ ′z2 ,σ ′z3 } = {σ z1,σ z2,σ z3}. In the languag of
electronic DFT, the XY model in our simulation is analogous
to the "Kohn-Sham system" and the set {h′1,h′2,h′3} play the
role of th xact Kohn-Sham potential as a dens ty functional.
The VL theorem could also prove useful from an experimental
perspective, as it allows one to engineer different pulses which
perform the same computations, but using different two-qubit
couplings.
The RG and VL theorems place TDDFT for universal quan-
tum computation on a firm theoretical footing and open sev-
eral exciting research avenues. The development of approxi-
mate density functionals has been essential for the success of
electronic TDDFT and will be in quantum computation and
information theory as well. Density functionals for strongly
correlated lattice and spin systems have been rece tly pro-
posed [16–19] and could be pplied to several problems of
relevance in quantum computing. In refs. [16–19] local den-
sity (LDA) and generalized gradient pproximations (GGA)
for one dimensional Hubbard and spin chains were derived
from xact Bethe ansatz solutions and could readily be ap-
plied to solid-state quantum computing or perfect state trans-
fer protocols in spin networks [20]. Functionals can also be
parametrized from numerical simulations of one-dimensional
qubi systems using time-dependen d nsity matrix renormal-
ization group methods (TDMRG) [21], in much the same way
that Monte Carlo s mulat ons of the uniform electron gas have
proven invaluable in lectronic DFT [22]. Another impor-
tant research direction will be the generalization of DFT and
TDDFT to other univers l Hamiltonians nd models of quan-
tum computation. For instance, ref. [23] discussed the use
of TDDFT for obtaining gaps in adiabatic quantum compu-
tation. In [29], groundstate DFT was used to study relation-
ships between entangle ent and quantum phase transitions.
We are currently xploring an extension of the TDDFT the-
orems to models with directly tunable two-qubit interactions,
as opposed to the fixed interactions discus ed in this letter.
Useful discussions with S. Mostame, J. D. Whitfield, S.
Boxio, M. H. Yu and J. Parkhill ar greatfully acknowl-
edged. We thank ... for financial support.
Supple en al M terial
A. Proof of the Runge-Gross theorem
In this section we will first con ider a proof of the RG the-
orem for Hamiltonians of the for
Hˆ(t) =
N
∑
i< j
J⊥i j (σˆ
x
i σˆ
x
j + σˆ
y
i ˆ
y
j )
N
i< j
J‖i jσˆ
z
i σˆ
z
j +
N
∑
i=1
hi(t)σˆ zi , (5)
which reduces to Eq. 2 of the text in the limit of a ne-
dimensional array with nearest neig bor couplings and open
boundary conditions. We will see that it is possible to for u-
late the RG th or m of time-depende t current de sity func-
tional theory (TDCDFT) for the m re general class of Hamil-
tonians in Eq. 5, but for TDDFT one ust stay with the more
restricted form in Eq. 2.
The pr of begins with the equation f motion for the ex e -
tation value of the ith qubit along the field direction (z-axis),
∂
∂ t
σ zi = ı〈
[
Hˆ(t), σˆ zi
]〉, (6)
where 〈Oˆ〉 ≡ 〈ψ(t)|Oˆ|ψ(t)〉 denotes the expectation value of
an arbitrary operator Oˆ at time a d |ψ(t)〉 is the wavefunction
evolved on an i terval [0,t] from a given initial state |ψ(0)〉,
Single‐Qubit Components 
Current 
Con3nuity Equa3on 
Local Kine3c Energy 
Z‐Z Two Qubit Interac3on 
External Local Fields 
Auxiliary Local Fields 
1) 
2) 
3) 
4) 
5) 
6) 
7) 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With |ψ(t)〉, we can calculate derivatives of the currents be-
tween all 3 qubits to be used in Eq. 47. We use the procedure
outlined in Eq.’s 47- 51 to obtain |ψ ′(t)〉 and {h′1,h′2,h′3} of
th a xiliary XY Hamil on n. For the auxil ary syst m’s ini-
tial state, we chose |ψ ′(0)〉 = |ψ(0)〉 = 1√
3
(|011〉+ |101〉+
|110〉), which satisfies the conditions in Eq.’s 27 and 28 since
the initial currents vanish in both the primed and unprimed
systems. We also fix the arbitrary global field by choosing
h′2(t) = h2(t) for all t. Since |ψ ′(0)〉 is an eigenstate of σˆ ztotal ,
this choice corr sponds to trivially fixing the global phase
of the auxiliary s stem’s wavefunction and any other choice
would yield identical expectation values of observables.
As shown in Figure 3, the set {σ z1,σ z2,σ z3} is faithfully re-
produced by |ψ ′(t)〉. In Figure 6 we show expectatio val-
ues of several other observables calculated with |ψ(t)〉 in the
left column and |ψ ′(t)〉 in the right column. Natu ally, ob-
servables that depend explicitly on he set {σ z1,σ z2,σ z3} are
the same in both cases, while those that do not will be dif-
f rent. In particular, w see that th en gl ment is th
same in both cas s, since both |ψ(t)〉 and |ψ ′(t)〉 remain
a uperposition states with one flipped qubit during the
evolution. This means that the explicit entanglement func-
tional in Eq. 4 hold , nd since both wavefunctions produce
the ame set {σ z1,σ z2,σ z3}, they necessarily pro uce the s me
entanglement. As expected, the currents {〈 jˆ12〉,〈 jˆ23〉} an
{〈 jˆ′12〉′,〈 jˆ′23〉′} are the same for both wavefunctions, while the
kinetic terms {〈Tˆ12〉,〈Tˆ23〉} and {〈Tˆ ′12〉′,〈Tˆ ′23〉′} are differ nt.
The same situation arises in electronic DFT, where the Kohn-
Sham wavefunction reproduces the correct densi y and cur-
rent, but th kinetic energy is in ge eral different from that of
the rue correlated wavefunction. In Figure 7, we plot the ex-
pansion coefficients of |ψ(t)〉 and |ψ ′(t)〉 in the computational
basis {|011〉, |101〉, |110〉}, which as expected are rather dif-
ferent. It is also interesting to note that in our formalism, the
operators for the current and kinetic energy are different in the
original and auxiliary systems, since we let all two-qubit pa-
rameters in the Hamiltonian differ. This situation is different
than in electronic TDDFT, where the kinetic energy and cur-
rent operators themselves are the same, although expectatio
values may be different in the case of the kinetic energy. This
is important in our formalism, especially with regard to the
current, since although {〈 jˆ12〉,〈 jˆ23〉} = {〈 jˆ′12〉′,〈 jˆ′23〉′}, one
finds that in general {〈 jˆ12〉,〈 jˆ23〉} %= {〈 jˆ12〉′,〈 jˆ23〉′}.
E. Analogies betw en electronic TDDFT and TDDFT for
qua tum computation
T roughout the manuscript we have tried to stress the
analogies between electronic TDDFT and TDDFT for sys-
tems of qubit . The main relevan quantities in electronic
TDDFT and the a alogous quantities in TDDFT for quantum
computat on are sum arized in Figure 8. The current and
local kinetic energy for electronic TDDFT are writt n for a
single electron, but the extension to N electrons is straightfor-
ward, by integrat ng over N−1 coor inates.
Despite the clear similarities, there are also important dif-
ferences between qubit and electronic systems. Qubits are dis-
tinguishable qu ntum particles and the wavefunction does not
eed to obey any particular permut tional symmetry. In con-
trast, electrons are indistinguishable fermions with a fully an-
tisymmetric wavefunction. T rough the Jordan-Wigner trans-
formation [30], a system of ubits ca in f t be mapped into
a system of spinless fermio s, but e do not pursu thi in the
prese t work. Also, th paul sigma operators obey a different
commut tor algebra than the ele tronic position and momen-
tum oper tors. The resulting kinetic energy operato is a two-
qubit quantity in TDDFT for quantum computation, hile for
electronic TDDFT it is a one-electron operator.
〈 jˆki〉= J
⊥
ki
ı 〈σˆ+k σˆ−i 〉−
J⊥ki
ı 〈σˆ+k σˆ−i 〉∗
〈Tˆki〉= J
⊥
ki
2 〈σˆ+k σˆ−i 〉+
J⊥ki
2 〈σˆ+k σˆ−i 〉∗
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With |ψ(t)〉, we can calculate derivatives of the currents be-
tween all 3 qubits to be used in Eq. 47. We use the procedure
outlined in Eq.’s 47- 51 to obtain |ψ ′(t)〉 and {h′1,h′2,h′3} of
t auxiliary XY Ha iltonian. For the auxiliary system’s ini-
tial state, we chose |ψ ′(0)〉 = |ψ(0)〉 = 1√
3
(|011〉+ |101〉+
|110〉), which satisfies the conditions in Eq.’s 27 and 28 since
th initial currents vanish in both the primed a unprimed
systems. We also fix the arbitrary global fi ld by choosing
′
2(t) = h2(t) for all t. Since |ψ ′(0)〉 is a eigenstate of σˆ ztotal ,
this choice correspond to trivially fixi g the global phas
o the auxil ary system’s w vefunction and any other choice
would yield dentical expectation values of observables.
As shown in Figure 3, the s t {σ z1,σ z2,σ z3} is faithfully re
produc d by |ψ ′(t)〉. In Figure 6 we sho expectation val-
ues f sever l other observables calculated with |ψ(t)〉 in the
left column and |ψ ′(t)〉 in t e right column. Naturally, ob-
s rv bl s t at depend explicitly o t e set {σ z1,σ z2,σ z3} ar
th same in both cases, while t ose that do not will be dif-
fer nt. In particular, w see th t the e tanglement is the
same i b th case , si ce both |ψ(t)〉 nd |ψ ′(t)〉 remain
a s perposition of states wit one flipped qubit during the
evolution. This means that the explicit entangl ment func-
ti nal in Eq. 4 holds, and since both wavefu ctions produce
the same set {σ z1,σ z2,σ z3}, they necessarily produce the same
entanglement. As expected, the currents {〈 jˆ12〉,〈 jˆ23〉} and
{〈 jˆ′12〉′,〈 jˆ′23〉′} are the same for both wavefunctions, while the
kinetic terms {〈Tˆ12〉,〈Tˆ23〉} and {〈Tˆ ′12〉′,〈Tˆ ′23〉′} are different.
The sa e situation arises in electronic DFT, where the Kohn-
Sham wavefunction r produces the correct density and cur-
rent, but the kin tic energy is n general different from that of
the true correlated wavefunction. In Figure 7, we pl t the ex-
pansion coefficients of |ψ(t)〉 and |ψ ′(t)〉 in the computa ional
basis {|011〉, |101〉, |110〉}, which as expected are rather dif-
ferent. It i also interesting to note that in our formalism, the
operators for the current and kinetic energy are different in the
original and auxiliary systems, since we let all two-qubit pa-
rameters in the Hamiltonian differ. This situation i different
th n i elec ronic TDDFT, where t e kinetic energy and cur-
rent operator themselves are the same, alth ugh expectation
values may be different in th ca e of th kinetic energy. This
is importa t in our formalism, especially with regard to the
cu rent, s ce although {〈 jˆ12〉,〈 jˆ23〉} = {〈 jˆ′12〉′,〈 jˆ′23〉′}, one
finds that in general {〈 jˆ12〉,〈 jˆ23〉} %= {〈 jˆ12〉′,〈 jˆ23〉′}.
E. Analogies between electr n c TDDFT and TDDFT for
quantum computation
Throughout the manuscr pt we hav tried to stress the
analogies between electro ic TDDFT and TDDFT for sys-
tems of qubits. The main relevant quantities in electronic
TDDFT and the analogous quantities in TDDFT for quantum
computation are summariz d in Figure 8. The curr t and
local kinetic energy for el ctr ic TDDFT are written for a
si gle electron, but the xtension to N electrons is straightfor-
ward, by integrating over N−1 coordinates.
Despite the clear similarities, there are also important dif-
ferences between qubit and electronic systems. Qubits are dis-
tinguishable quantum particles and the wav function does not
need to obey any particul r pe mutatio al symmetry. In con-
trast, electrons are indis inguishable fermion with a fully an-
tisy metric wavefunction. Through the Jordan-Wigner trans-
formati n [30], a sy t m of qubits can in fact be m pped into
a system of spinless fermions, but we do not pursue this in the
present wo k. Also, the pauli sigma op rators ob y a different
commutator algebra than the electronic position and momen-
tum op rators. The resulting ki etic energy operator is a two-
qubit q antity in TDDF for q antum computation, whil for
elect onic TDDFT it is a one-electro perator.
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Figure 8: Analogies betwee electro ic TDDFT and TDDFT for quantum computation - R levant quantities in electronic TDDFT (l ft
table) and the corresponding quantities in TDDFT for quantum computation (right table).
